Deformations of calibrated D-branes in flux generalized complex
  manifolds by Koerber, Paul & Martucci, Luca
ar
X
iv
:h
ep
-th
/0
61
00
44
v2
  1
8 
D
ec
 2
00
6
hep-th/0610044 MPP-2006-126
KUL-TF-06/25
Deformations of calibrated D-branes
in flux generalized complex manifolds
Paul Koerber
a
and Luca Martucci
b
a Max-Planck-Institut fu¨r Physik
Fo¨hringer Ring 6, D-80805 Munich, Germany
b Institute for Theoretical Physics, K.U. Leuven,
Celestijnenlaan 200D, B-3001 Leuven, Belgium
Abstract
We study massless deformations of generalized calibrated cycles, which describe, in the lan-
guage of generalized complex geometry, supersymmetric D-branes in N = 1 supersymmetric
compactifications with fluxes. We find that the deformations are classified by the first cohomol-
ogy group of a Lie algebroid canonically associated to the generalized calibrated cycle, seen as a
generalized complex submanifold with respect to the integrable generalized complex structure
of the bulk. We provide examples in the SU(3) structure case and in a ‘genuine’ generalized
complex structure case. We discuss cases of lifting of massless modes due to world-volume
fluxes, background fluxes and a generalized complex structure that changes type.
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1 Introduction
The study of string theory compactifications with fluxes has gained a considerable amount
of momentum in recent years due to the central place they seem to take in the search
for phenomenologically interesting models. More in particular, since they allow for some
or even all of the moduli to be stabilized they play a central role as the building blocks
of a discrete string theory landscape. The current paradigm is to aim for models that
preserve N = 1 supersymmetry in the four flat directions that make up our world. The
reasons for this are that supersymmetric models are under much better control, while
also from particle physics a model with N = 1 matter sector in which the supersymmetry
is broken at lower energy seems to be preferred.
Much of the efforts so far have been focused on the special case of SU(3) structure
vacua, of which the most studied subcase is warped Calabi-Yau in type IIB string theory
(for a review and more references see [1]). It was realized in [2] (see [3–5] for earlier work)
that the appropriate tool for studying the most general vacua preserving four-dimensional
Poincare´ invariance andN = 1 supersymmetry is generalized complex geometry, of which
the mathematical foundations were laid shortly before in [6, 7]. The internal compactified
manifold M has then instead of reduced SU(3) structure on its tangent bundle TM
reduced SU(3)× SU(3) structure on TM ⊕ T
⋆
M and is characterized by two pure spinors
Ψˆ1 and Ψˆ2. One of them, Ψˆ2 corresponds to an integrable generalized complex structure.
The other pure spinor Ψˆ1 corresponds to a generalized almost complex structure which
is in general not integrable in the presence of R-R fluxes.
It is hard to construct concrete examples of flux vacua with compact internal space
— basically the reason is a no-go theorem [8] which requires the introduction of sources
with negative tension (like orientifold planes) — and it is even more so to find genuine
SU(3) × SU(3) structure examples that are not already in the SU(3) structure case.
Orientifolds in the generalized setting were introduced in [9] and a systematic search for
genuine SU(3)×SU(3) structure manifolds based on nilmanifolds and solvmanifolds was
performed in [10].
So far for the bulk story. A fundamental role in type II string theories is however
played by D-branes. For instance, one needs D-branes to provide the matter sector in
phenomenological models. In this paper we want to study the moduli of BPS D-branes,
i.e. the D-branes that preserve the N = 1 supersymmetry of the background. It turns
out that, in addition to generalized complex geometry being the appropriate tool to study
the supersymmetry conditions of the bulk, it is equally applicable to the conditions for
D-branes in such a background to be supersymmetric. Indeed, in [11] it was shown, in
backgrounds with only NSNS flux and N = 2 supersymmetry, that for a D-brane to
preserve supersymmetry it has to be generalized calibrated and this was extended in
[12] to backgrounds with RR flux and N = 1 supersymmetry. These works generalized
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the earlier concept of calibrations in backgrounds with fluxes, also dubbed generalized
calibrations1 and introduced in the seminal papers [13], to include the world-volume
gauge field and naturally embedded it in the language of generalized complex geometry.
In [12] it was also shown that supersymmetric D-branes are only allowed in backgrounds
where the norms of the two internal spinors associated to the SU(3)× SU(3) structure
are equal. Backgrounds satisfying this extra condition were dubbed D-calibrated in [14].
Take a D-brane wrapping a cycle Σ with a field strength F on it, then we say in
the language of generalized complex geometry that the D-brane wraps the generalized
cycle (Σ,F). It is generalized calibrated with respect to Re Ψˆ1 if it wraps a generalized
complex cycle with respect to the integrable generalized complex structure corresponding
to Ψˆ2 and additionally the top form in PΣ[Im Ψˆ1] ∧ eF vanishes on the cycle. So we see
that the generalized calibration condition decouples in a pair of conditions, which in
fact have a clear 4-dimensional interpretation as an F-flatness and a D-flatness condition
[14]. If both conditions are satisfied, up to an appropriate choice of orientation the D-
brane saturates a calibration bound in that its Dirac-Born-Infeld action reduces to an
integral of a form proportional to the top form in PΣ[Re Ψˆ1]∧ eF . In an SU(3) structure
background this general definition reduces to something very similar to the well-known
conditions for supersymmetric D-branes on a standard Calabi-Yau. In particular, as in a
standard Calabi-Yau, the F-flatness condition restricts for type IIB to B-branes, complex
D-branes with F0,2 = 0, and in type IIA to A-branes, Lagrangian cycles with F = 0 or
more general coisotropic branes a` la [15, 16]. On the other hand the background fluxes
affect the D-flatness/stability condition through Ψˆ1.
In this paper we study the conditions for infinitesimal deformations to preserve the
generalized calibration condition2. These deformations will thus transform supersymmet-
ric D-branes into supersymmetric D-branes and correspond to massless fluctuations. Our
main result is that the massless deformations are counted by the Lie algebroid cohomol-
ogy group H1(L(Σ,F)) where L(Σ,F) is the intersection of T(Σ,F), the generalized tangent
bundle of the D-brane, with L|Σ, the +i-eigenbundle of J , the integrable generalized
complex structure corresponding to the pure spinor Ψˆ2. So we immediately note that
this cohomology group depends on only one of the pure spinors describing the back-
ground geometry, so in a sense on only half of the bulk data, even if we have seen above
that the second part of the calibration condition does depend on Ψˆ1. The reason is clear
rephrasing the problem in an N = 1 four-dimensional description, where as usual the
superpotential, here depending only on Ψˆ2, is the only information one needs to describe
the moduli space of a theory. In the present case, this expected fact translates as follows.
1Hoping that this does not cause confusion, when we talk about generalized calibrations in this paper,
we mean the calibrations of [11, 12], naturally embedded in generalized complex geometry.
2The deformation theory of calibrations of the kind considered in [13] is studied in [17].
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We will find that the deformations that preserve generalized complex cycles, the first
part of the calibration condition, should satisfy the condition that they are described by
closed 1-forms on L(Σ,F). But we will also observe that this condition has an extended
gauge symmetry, which we obtain by using J to complexify the real gauge symmetry
on the world-volume. This extended gauge symmetry is generated by exact 1-forms on
L(Σ,F). Now, the second part of the calibration condition provides for a gauge-fixing of
the imaginary part of the extended gauge symmetry. So we find that there is one and only
one massless deformation in each equivalence class H1(Σ,F), which is explicitly identified
by the complexification of the second part of the calibration condition and thus Ψˆ1. In
fact, we will find it is given by the harmonic representative of H1(L(Σ,F)).
From a mathematical point of view we are essentially addressing the problem of gener-
alizing the known results on deformations of complex [18] and special Lagrangian cycles
[19], focusing in this paper on the first order infinitesimal deformations (the massless
modes from a four-dimensional point of view). For example, in [19] it was found that
the calibration preserving deformations of a special Lagrangian cycle are characterized
by H1(M,R). Moreover, they are in fact given by the harmonic representatives. We
will rediscuss this as a special case of our general formula reaching naturally the well-
known result that H1(M,R) must be complexified to H1(M,C) to include the Wilson
line moduli, consistent with supersymmetry.
As we mentioned above, we start by studying deformations of generalized complex
cycles, which are also important from the point of view of topological string theory
with fluxes first introduced in [20] and expanded upon in [21–23]. Indeed, generalized
complex D-branes are precisely the ones that preserve the BRST operator and are thus
the consistent ones in the topological string theory [16, 24]. In [25] the BRST cohomology
of open strings with boundary conditions given by such a D-brane was calculated and
found to be exactly given by the cohomology groups Hk(L(Σ,F)). The observables that
correspond to deformations of the boundary are precisely those for which k = 1. So
we find that Kapustin’s result agrees with ours if D-branes related by a complexified
gauge transformation in our formalism are also equivalent as boundary conditions in
the topological string theory. In the special Lagrangian case this is the statement that
A-branes differing by a Hamiltonian deformation are equivalent.
We will study examples in the Calabi-Yau case, the SU(3) structure case and also in a
background defined by a genuine generalized complex structure. We will (re)discuss in our
setting mechanisms for moduli-lifting due to world-volume fluxes as well as background
fluxes. But interestingly, some moduli can also be lifted merely by the choice of a non-
trivial background generalized complex structure that changes type. We will show this
for a D3-brane. Although point-like in the internal manifold, we will still find non-trivial
cohomology.
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In section 2 we review background material on generalized complex geometry and gen-
eralized submanifolds. For a more extensive review that is very readable also for physicists
we refer to [7]. In section 3 we study the condition for infinitesimal deformations to pre-
serve generalized complex cycles, while in section 4 we introduce the complexified gauge
symmetry and derive the result that the deformations are classified by the cohomology
groupH1(L(Σ,F)). In section 5 we study deformations of the second part of the generalized
calibration condition and arrive at a gauge-fixing of the complexified gauge symmetry.
We comment in section 6 on the more difficult issue of higher order deformations and
establish the link with the superpotential of [14]. In section 7 we discuss examples. We
build up from the well-studied fluxless Calabi-Yau case, to the Calabi-Yau case with
world-volume fluxes to arrive at the SU(3) structure case with background fluxes. We
conclude with an example of a D3-brane in an honest SU(3) × SU(3) background. We
defer some more technical issues to the appendixes. In appendix A we provide the proofs
for the statements on gauge-fixing in section 5 and we define the appropriate metric on
Lie algebroid forms and discuss the derived codifferential operator in appendix B. In
appendix C we calculate the classical masses and show that the massless deformations
are indeed the calibration/supersymmetry preserving ones. We comment on stability
in appendix D. Finally, in appendix E we discuss the general formula for the Ka¨hler
potential for small fluctuations of a space-time filling D-brane around a supersymmetric
configuration.
2 Preliminary remarks on generalized submanifolds
and generalized complex geometry
This section has the aim to introduce some background material necessary for the study
of the deformations of generalized complex and generalized calibrated cycles, which will
be introduced in the next section.
In subsection 2.1 we recall the definition of a generalized submanifold given in [7], and
introduce moreover the notion of a generalized current, which will allow to simplify the
analysis of the rest of the paper. In subsection 2.2 we briefly review some basic concepts
of generalized complex geometry and the Hodge-like decomposition of forms [6, 7, 26]. We
will keep the analysis general, considering ambient manifolds of arbitrary even dimension
d.
2.1 Generalized submanifolds and generalized currents
The key point about generalized geometry is to consider the vector bundle TM ⊕ T ⋆M
instead of TM . So take TM ⊕ T ⋆M on a even d-dimensional manifold M (with coordinates
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ym, m = 1, . . . , d). On each fiber of TM ⊕ T ⋆M there is a canonical metric I of signature
(d, d) defined in the following way: given vectors X = X + ξ, Y = Y + η in a fiber of
TM ⊕ T
⋆
M we have that
I(X,Y) =
1
2
(η(X) + ξ(Y )) . (2.1)
In our discussion, we will always consider the general possibility of having non-trivial
NSNS closed 3-formH (which in string theory must obey a proper quantization condition)
on M . Then, as defined in [7], a generalized submanifold consists of a pair (Σ,F) of a
submanifold Σ ⊂ M and a 2-form F on Σ such that dF = PΣ[H ]. The generalized
tangent bundle T(Σ,F) of a generalized submanifold is defined as follows
T(Σ,F) = {X + ξ ∈ TΣ ⊕ T
⋆
M |Σ : PΣ[ξ] = ιXF} . (2.2)
T(Σ,F) is a real maximal isotropic sub-bundle of the restricted bundle TM ⊕ T
⋆
M |Σ
3.
It is now convenient to introduce the notion of generalized currents, defined as linear
maps on the space of differentiable polyforms on M 4. A generalized real current j can
be formally seen as a polyform (which we indicate with the same symbol j) such that for
any smooth polyform φ we have
j(φ) ≡
∫
M
〈φ, j〉 , (2.3)
with 〈·, ·〉 denoting the Mukai pairing defined as
〈φ1, φ2〉 = φ1 ∧ σ(φ2)|top , (2.4)
where σ reverses the indices of a k-form φ = 1
k!
φm1...mkdy
m1 ∧ . . . ∧ dymk :
σ(φ) =
1
k!
φm1...mkdy
mk ∧ . . . ∧ dym1 . (2.5)
We will only consider polyforms of definite parity, i.e. the forms of different dimensions
making up the polyform are of either even or odd dimension. And likewise for the
currents.
The Mukai pairing satisfies the two following immediate properties. First, for any
pair of smooth polyforms φ1, φ2 of definite opposite parity, we have∫
M
〈dHφ1, φ2〉 =
∫
M
〈φ1, dHφ2〉 , (2.6)
3Isotropic means that I(X,Y) = 0 for any X,Y ∈ T(Σ,F)|p∈Σ, maximal means it has the maximal
dimension d.
4If M is non-compact one can require the smooth polyforms to have suitable asymptotic behaviour.
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where dH = d + H∧ is the H-twisted exterior derivative. Secondly, recalling that the
Clifford action of a generalized vector X = X + ξ ∈ TM ⊕ T ⋆M on a polyform φ is given
by X · φ = ιXφ+ ξ ∧ φ, we have that
〈X · φ1, φ2〉 = −〈φ1,X · φ2〉 . (2.7)
The properties (2.6) and (2.7) allow to extend the action of the twisted exterior derivative
dH and of a generalized vector X to the space of generalized currents in the same way as
for standard currents (see for example [27]).
We can associate a current j(Σ,F) (of definite parity) to a generalized submanifold
(Σ,F), acting on a general polyform φ (of the same parity) in the following way5∫
M
〈φ, j(Σ,F)〉 ≡
∫
Σ
PΣ[φ] ∧ e
F . (2.8)
Since for any smooth polyform φ we have that∫
M
〈φ, dHj(Σ,F)〉 ≡
∫
M
〈dHφ, j(Σ,F)〉 =
∫
Σ
PΣ[dHφ] ∧ e
F =
∫
∂Σ
P∂Σ[φ] ∧ e
P∂Σ[F ] , (2.9)
we see that dHj(Σ,F) = j(∂Σ,P∂Σ[F ]) and, in particular, if Σ is a cycle then
dHj(Σ,F) = 0 . (2.10)
Furthermore, we say that two generalized cycles (Σ,F) and (Σ′,F ′) are in the same
generalized homology class if there exists a generalized submanifold (Σ˜, F˜) such that
∂Σ˜ = Σ′ − Σ with PΣ[F˜ ] = F and PΣ′[F˜ ] = F ′. It is easy to see that in this case
j(Σ′,F ′) − j(Σ,F) = dHj(Σ˜,F˜) . (2.11)
Thus if (Σ,F) ∼ (Σ′,F ′) in generalized homology, then j(Σ′,F ′) ∼ j(Σ,F) in dH-cohomology
and a generalized homology class [(Σ,F)] determines a dH-cohomology class [j(Σ,F)] ∈
H•dH (M).
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The generalized current associated to a generalized cycle allows us to give the following
alternative characterization of the generalized tangent bundle. We have already said that
the generalized tangent bundle T(Σ,F) to a generalized cycle (Σ,F) defined in (2.2) is a
maximal isotropic sub-bundle of TM ⊕ T ⋆M |Σ. This can alternatively be defined as the
5Note that j(Σ,F) has support on Σ, where by support of a current j, denoted supp(j), one means
the smallest closed set in M such that j(φ) = 0 for any smooth polyform φ with compact support on
M − supp(j).
6Note that, even if we have in fact used currents, we obtain ordinary dH -cohomology elements due
to the isomorphism between de Rham cohomology and current cohomology [27] which we expect to still
hold in the H-twisted case.
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sub-bundle of TM ⊕ T ⋆M |Σ whose sections X annihilate j(Σ,F). To properly define this one
first extends X to a section of TM ⊕ T ⋆M , and then defines X · j(Σ,F) as follows. For any
smooth polyform φ of appropriate definite parity we have∫
M
〈φ,X · j(Σ,F)〉 ≡ −
∫
M
〈X · φ, j(Σ,F)〉 . (2.12)
Since j(Σ,F) has support Σ, the definition of X · j(Σ,F) does not actually depend on the
extension of X outside Σ. To show that this definition indeed coincides with the earlier
one we observe that if we take a section X = X + ξ of T(Σ,F) we find for any polyform φ∫
M
〈X · φ, j(Σ,F)〉 =
∫
Σ
ιX
(
PΣ[φ] ∧ e
F
)
= 0 . (2.13)
There cannot be any other X annihilating j(Σ,F) because T(Σ,F) already has the maximal
dimension for a space of annihilators of a spinor. Roughly for a k-cycle the generalized
current j(Σ,F) looks like δ
(d−k)(Σ)∧e−F , where δ(d−k)(Σ) is the ordinary current associated
to the cycle Σ. In summary, j(Σ,F) can be thought of as a sort of localized pure spinor
associated to T(Σ,F), seen as a maximal isotropic sub-bundle of TM ⊕ T ⋆M |Σ.
2.2 Generalized complex manifolds and the decomposition of
forms
A generalized almost complex structure on M is given by a fiberwise map
J : TM ⊕ T
⋆
M → TM ⊕ T
⋆
M , (2.14)
such that
J 2 = −1 and I(JX,JY) = I(X,Y) . (2.15)
J defines a(n integrable) generalized complex structure if its +i-eigenbundle L ⊂ (TM ⊕
T ⋆M) ⊗ C is involutive with respect to the H-twisted Courant bracket defined as follows
on sections X + ξ, Y + η of TM ⊕ T ⋆M [6, 7]
[X + ξ, Y + η]H = [X, Y ] + LXη − LY ξ −
1
2
d(ιXη − ιY ξ) + ιXιYH , (2.16)
where [·, ·] is the standard Lie bracket on sections of TM . For further use we recall the
following property of the Courant bracket
[X + ιXB, Y + ιYB]dB = [X, Y ] + ι[X,Y ]B . (2.17)
In [7] a generalized Darboux theorem was proven stating that a generalized complex
structure implies the existence of local hybrid complex-symplectic coordinates.
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Any generalized almost complex structure is associated to a locally defined pure spinor
ψ which is annihilated by L (see [7] for more details). If there is a globally defined pure
spinor satisfying dHψ = 0 (one can show that from this integrability follows [6]) then M
is, using Hitchin’s terminology, a (weak) generalized Calabi-Yau manifold.
In a generalized almost complex manifold M we have the following Hodge-like de-
composition of the space of forms (see [7, 26, 28]):
Λ•T ⋆M ⊗ C =
d/2⊕
k=−d/2
Uk , (2.18)
where
Uk = Λ
d/2−kL¯ · ψ . (2.19)
Using the natural metric I on TM ⊕T
⋆
M , one can think of J as a section of so(TM ⊕T
⋆
M)
that acts via the spin representation on the polyforms on M . Thus, one can give an
alternative definition of Uk as the ik-eigenbundle of J . Note that ψ ∈ Γ(Ud/2) and for
φ ∈ Γ(Uk) we have φ¯ ∈ Γ(U−k). Moreover if φ1 ∈ Γ(Uk), then
〈φ1, φ2〉 = 0 if φ2|U−k = 0 , (2.20)
with φ2|U−k ≡ π−k(φ2), where
πk : Λ
•T ⋆M ⊗ C→ Uk , (2.21)
denotes the projector on Uk.
One can also define ∂H and ∂¯H as given by πk+1 ◦ dH and πk−1 ◦ dH respectively on
Γ(Uk). It is possible to see [7] that the (H-twisted) integrability of J is equivalent to the
requirement that
dH = ∂H + ∂¯H . (2.22)
With property (2.20) in mind the decomposition (2.18) can be extended to the gener-
alized currents in the following way. One defines a current j as a “distributional” section
of Uk (in symbols, j ∈ Γcur(Uk)) if j(φ) = 0 for any (smooth) polyform φ ∈ Γ(Up 6=−k).
3 Generalized complex submanifolds and their first
order deformations
Let M be a generalized complex manifold. Then a generalized complex submanifold [7]
is given by a generalized submanifold (Σ,F) such that its generalized tangent bundle
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T(Σ,F) is stable under J . We can give an alternative equivalent form for this condition,
as follows: a generalized submanifold (Σ,F) is generalized complex if and only if j(Σ,F)
is a distributional section of U0, i.e.
(Σ,F) generalized complex submanifold ⇔ j(Σ,F) ∈ Γcur(U0) . (3.1)
Indeed, in [26] it was proven that in any point the pure spinor of a J -invariant real
maximal isotropic subspace is an element of U0.
Let us now consider the possible infinitesimal deformations of generalized complex
cycles. As discussed in [14] a general infinitesimal deformation of a generalized cycle
(Σ,F) is described by sections of the generalized normal bundle defined as N(Σ,F) ≡
(TM ⊕ T ⋆M )|Σ/T(Σ,F). We indicate the sections of N(Σ,F) with [X] or equivalently, when
there is no confusion nor inconsistencies, with representative sections X of TM ⊕T ⋆M |Σ. If
we restrict to generalized complex cycles there is, since in this case T(Σ,F) is stable under
J , a canonical fiberwise defined complex structure on N(Σ,F) induced by J [14]. We can
thus introduce the holomorphic and anti-holomorphic generalized normal bundles N 1,0(Σ,F)
and N 0,1(Σ,F) and split a generalized normal vector [X] in holomorphic and antiholomorphic
parts: [X] = [X]1,0 + [X]0,1.
In general, a section [X] of the generalized normal bundle to a generalized cycle (Σ,F)
defines, via a representative generalized vector field X = X+ξ, a deformation of the cycle
(Σ,F) consisting of the infinitesimal diffeomorphism defined by X (which acts also on
F as δXF = PΣ[ιXH ], see [14]), and a deformation of the field-strength F defined by
δξF = dPΣ[ξ]. In this way one can easily see how the quotient with respect to T(Σ,F) in
the definition of N(Σ,F) corresponds to considering deformations related by world-volume
diffeomorphisms as equivalent.
Now, we would like to determine under which conditions a section [X] ∈ Γ[N(Σ,F)]
generates an infinitesimal deformation of a generalized complex cycle (Σ,F) into another
generalized complex cycle (at first order). To do this, we will translate the problem in
terms of the dual generalized current j(Σ,F). The infinitesimal deformation δXj(Σ,F) of
the current induced by the generalized normal vector field [X] = [X + ξ] is defined by its
action on a general smooth polyform φ
δ[X]j(Σ,F)(φ) ≡
∫
M
〈φ, δ[X]j(Σ,F)〉 , (3.2)
and
δ[X]j(Σ,F)(φ) ≡
∫
Σ+δΣ
PΣ+δΣ[φ] ∧ e
F +
∫
Σ
PΣ[φ] ∧ δF ∧ e
F −
∫
Σ
PΣ[φ] ∧ e
F
=
∫
Σ
{
PΣ[LXφ+ φ ∧ ιXH + φ ∧ dξ]
}
∧ eF
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=∫
Σ
PΣ[X · dHφ+ dH(X · φ)] ∧ e
F = −
∫
M
〈φ, dH(X · j(Σ,F))〉 . (3.3)
Here we used that δF = δXF + δξF = PΣ[ιXH ] + dPΣ[ξ], the properties (2.6) and (2.7)
of the Mukai pairing and (2.10). Note that all previous expressions are invariant under
the shift X→ X + Y with Y a section of T(Σ,F) so that they don’t depend on the choice
of representative of [X].
We see it is natural to define
LXφ ≡ X · dHφ+ dH(X · φ) , (3.4)
and we obtain for the deformation of the current under [X]
δ[X]j(Σ,F) ≡ −LXj(Σ,F) = −dH(X · j(Σ,F)), (3.5)
where again this expression must be considered in the distributional sense in which case
it is well defined for any representative X of [X].
Imposing now that the infinitesimally deformed cycle is still generalized complex we
find, using the characterization of generalized complex in (3.1), the following concise
condition
∂¯H(X
0,1 · j(Σ,F)) = 0 , (3.6)
or equivalently its complex conjugate ∂H(X
1,0·j(Σ,F)) = 0. As we will show more explicitly
in section 7, the condition (3.6) is the direct generalization of the standard result that
first order deformations of a complex submanifold are given by holomorphic sections of
the ordinary holomorphic normal bundle. For this reason we will denote the space of
sections of N 0,1(Σ,F) satisfying the condition (3.6) by Γhol(N
0,1
(Σ,F)).
4 From gauge equivalent deformations to Lie alge-
broid cohomology
Until now we have considered all the possible deformations of a generalized complex cycle,
already taking into account the equivalence under world-volume diffeomorphisms. How-
ever, in the study of the moduli space of generalized calibrations, one must also consider
another equivalence relation between different generalized cycles [14], which naturally
preserves the generalized holomorphicity of the generalized complex cycles. This can be
introduced as follows. We have already described the possible infinitesimal deformations
as global sections of N(Σ,F). However, there is a subclass of transformations that clearly
leave the generalized cycles unchanged. In D-brane language, these are given by in-
finitesimal gauge transformations of the world-volume gauge field. If λ denotes the gauge
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parameter, such transformations are generated by a generalized normal vector field [Xλ]
with representative Xλ = ξλ, with ξλ ∈ Γ[T ⋆M |Σ] such that PΣ[ξλ] = dλ. Now, such a gen-
eralized normal vector field obviously satisfies the condition (3.6). Thus, it is evident that
also the generalized normal vector field [JXλ] satisfies the condition (3.6) and then defines
a deformation which preserves the generalized holomorphicity condition of the general-
ized cycles. J [Xλ] can be considered as the ‘imaginary’ extension of the real infinitesimal
gauge transformation generated by [Xλ]. [Xλ] and J [Xλ] together generate the space of
complexified infinitesimal gauge transformations gC(Σ,F) ⊂ Γ(N(Σ,F)). We will consider in-
finitesimal deformations related by an element in gC(Σ,F) as equivalent, and the physically
distinguishable first order deformations are then given by Γhol(N
0,1
(Σ,F))/(g
C
(Σ,F))
0,1.
We will now argue how this requirement translates in the identification of the space of
gauge inequivalent holomorphicity preserving infinitesimal deformations of a generalized
complex cycle (Σ,F) with an appropriate cohomology class on (Σ,F).
Given a generalized complex cycle (Σ,F), let us define on Σ the holomorphic gen-
eralized tangent bundle L(Σ,F) = L|Σ ∩ (T(Σ,F) ⊗ C). As explained in [25], L(Σ,F) (as a
complex vector bundle on Σ) can be equipped with a Lie algebroid structure as follows.
The anchor map π : L(Σ,F) → TΣ ⊗ C is the obvious projection to TΣ ⊗ C. The Lie
brackets are defined by extending the sections of L(Σ,F) outside Σ as sections of L, taking
their Courant brackets, and then restricting back to Σ (and the result does not depend
on the extension).
Thus, one can consider the exterior algebra bundle (see for example [7])
Λ•L⋆(Σ,F) ≡
⊕
k
ΛkL⋆(Σ,F) (4.1)
and a degree-1 derivation dL(Σ,F) on its sections
dL(Σ,F) = Γ(Λ
kL⋆(Σ,F))→ Γ(Λ
k+1L⋆(Σ,F)) . (4.2)
Lie algebroid cohomology groups can then be naturally defined as
Hk(L(Σ,F)) =
ker[dL(Σ,F) : Γ(Λ
kL⋆(Σ,F))→ Γ(Λ
k+1L(Σ,F))]
im[dL(Σ,F) : Γ(Λ
k−1L⋆(Σ,F))→ Γ(Λ
kL(Σ,F))]
. (4.3)
It is now important to note that the natural metric I defines a canonical isomorphism
˜ : T ⋆(Σ,F) → N(Σ,F) that associates (fiberwise) an element α ∈ T
⋆
(Σ,F) to a generalized
normal vector [α˜] such that, for any X ∈ T(Σ,F),
α(X) = 2I(α˜,X) , (4.4)
where the factor of 2 has been introduced to simplify some of the following expressions
and manipulations. This isomorphism preserves the generalized complex structure, in
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the sense that it also implies that N 0,1(Σ,F) ≃ L
⋆
(Σ,F) where N
0,1
(Σ,F) ≡ L¯|Σ/L¯(Σ,F), and can
be trivially extended to an isomorphism between ΛkN 0,1(Σ,F) and Λ
kL⋆(Σ,F).
Let us now introduce the space Ω0,•(Σ,F) of generalized currents with support on Σ of
the form7
Ω0,k(Σ,F) = Γ(Λ
kN 0,1(Σ,F)) · j(Σ,F) . (4.5)
Ω0,•(Σ,F) is clearly isomorphic to Γ(Λ
•L⋆(Σ,F)) and in particular it is easy to see that for any
X ∈ Γ(L(Σ,F))
X · α˜ · j(Σ,F) = (ι˜Xα) · j(Σ,F) (4.6)
As it will be clear in a moment, ∂¯H acts as a degree-1 differential on Ω
0,•
(Σ,F):
∂¯H : Ω
0,k
(Σ,F) → Ω
0,k+1
(Σ,F) . (4.7)
Thanks to the isomorphism˜ , we can now define an isomorphism between Γ(ΛkL⋆(Σ,F))
and Ω0,k(Σ,F) as follows:
α ∈ Γ(ΛkL⋆(Σ,F)) ↔ [α˜] · j(Σ,F) ∈ Ω
0,k
(Σ,F) . (4.8)
Now, the key observation is that the isomorphism between Γ(Λ•L⋆(Σ,F)) and Ω
0,•
(Σ,F)
preserves the action of the derivative operators dL(Σ,F) and ∂¯H . This means that
dL(Σ,F)β ∈ Γ(Λ
•L⋆(Σ,F)) ↔ ∂¯H([β˜] · j(Σ,F)) = [ ˜dL(Σ,F)β] · j(Σ,F) ∈ Ω
0,•
(Σ,F) . (4.9)
This result can be proven by showing that, given a β ∈ Γ(ΛkL⋆(Σ,F)),
X1 · . . . · Xk+1 · ( ˜dL(Σ,F)β) · j(Σ,F) = X1 · . . . · Xk+1 · ∂¯H(β˜ · j(Σ,F)) , (4.10)
for any X1, . . . ,Xk+1 ∈ Γ(L(Σ,F)). The equality above can be checked by induction, using
the definitions of dL(Σ,F)β and ∂¯H , and the fact that from Lemma 4.24 of [7] one has the
following identity8
X1 · X2 · dH(β˜ · j(Σ,F)) = dH(X2 · X1 · β˜ · j(Σ,F)) + X2 · dH(X1 · β˜ · j(Σ,F))
7In a sense this provides a refinement and a generalization to currents of the decomposition in
eq. (2.18). Indeed, instead of ψ one can use j(Σ,F) as the base pure spinor acted upon with normal
vectors leading to the decomposition Jk. If one further separates the normal vectors in +i- and −i-
eigenvectors of J one finds the refined decomposition Jp,q. Now, Ω
0,q
(Σ,F) is the space of sections of
J0,q.
8This identity is immediate when defining the Courant bracket as a derived bracket [X,Y]H · = [LX,Y·]
[10, 29].
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−X1 · dH(X2 · β˜ · j(Σ,F)) + [X1,X2]H · β˜ · j(Σ,F) , (4.11)
for any [β˜] ∈ Γ(Λ•N 0,1(Σ,F)) and any X1,X2 ∈ Γ(L(Σ,F)).
From (4.9) one can immediately conclude that the Lie algebroid cohomology groups
Hk(L(Σ,F)) are isomorphic to the current cohomology groups
Hk∂¯H (Σ,F) =
ker(∂¯H : Ω
0,k
(Σ,F) → Ω
0,k+1
(Σ,F))
im(∂¯H : Ω
0,k−1
(Σ,F) → Ω
0,k
(Σ,F))
. (4.12)
A fine point is that to properly define the Courant bracket we need to extend the
sections of L(Σ,F) off the D-brane. The above cohomology groups do not depend on the
extension (as long as they are still sections of L of course). Normally, we don’t need
to worry about this subtle issue unless we are working in points where the type of the
generalized complex structure changes. We will provide an example in section 7.5.
Consider now a generalized normal vector field [Xλ] which generates a real world-
volume gauge transformation. As we have already explained, a representative of [Xλ]
is given by Xλ = ξ with ξ any 1-form such that PΣ[ξ] = dλ. For our purposes we can
extend the world-volume function λ outside Σ and simply pose Xλ = dλ, and of course
the following discussion will not depend on the way λ is extended. Thus we have
Xλ · j(Σ,F) = dλ ∧ j(Σ,F) = dH(λj(Σ,F)) . (4.13)
Since j(Σ,F) ∈ Γcurr(U0), we can immediately conclude that
X
0,1
λ · j(Σ,F) = ∂¯H(λj(Σ,F)) . (4.14)
Since we have to identify a generalized normal vector field [Y0,1] ∈ Γ(N 0,1(Σ,F)) with
[Y0,1] + [X0,1λ ], we see from (3.6) and (4.14) that the gauge inequivalent first order defor-
mations of a generalized cycle (Σ,F) are given by
H1∂¯H (Σ,F) ≃ H
1(L(Σ,F)) . (4.15)
5 Infinitesimal deformations of generalized calibrated
cycles
In section 3 we have derived the condition (3.6) that an infinitesimal deformation gen-
erated by X must satisfy in order to deform a generalized complex cycle into another
generalized complex cycle. Furthermore we saw in section 4 how considering infinitesi-
mal deformations related by a complexified gauge transformation as equivalent leads to
the first cohomology group (4.15) as the natural tangent space to the moduli space of
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inequivalent generalized complex cycles. In this section we will see how these equiva-
lence classes of infinitesimal deformations corresponds to infinitesimal deformations of
the generalized calibrated cycles of [11, 12].
In [11, 12] it was shown how type II superstring backgrounds with fluxes can be char-
acterized in terms of appropriate generalized calibrations, which ‘calibrate’ the possible
supersymmetric D-branes. In particular, [11] considered backgrounds with general pure
NSNS fluxes on an internal space of arbitrary dimension, leading to an N = 2 residual
supersymmetry in the external flat directions. On the other hand [12, 14] focused on
the class of so called D-calibrated backgrounds with internal six-dimensional manifolds
and arbitrary non-trivial NSNS and RR fluxes, preserving N = 1 supersymmetry in the
flat four dimensions. The D-calibrated backgrounds constitute the most general class of
N = 1 backgrounds admitting ‘in principle’ supersymmetric D-branes and can be seen
as a subclass of the vacua considered in [2].
Since we want to consider backgrounds with possible minimal supersymmetry and
general internal fluxes switched on, we will focus on the case studied in [12, 14] where M
has d = 6. The results of [11] when d = 6 can be obtained as a subcase, by multiplying in
an obvious way the appropriate quantities by an arbitrary constant phase coming from the
underlying N = 2 supersymmetry. The following results should also be straightforwardly
extendible to the cases with d 6= 6 and arbitrary RR fluxes turned on.9
Now, in [12] it was shown how the generalized calibrations for D-branes on the N = 1
backgrounds considered in [2] can be naturally written in terms of the two pure spinors
Ψ± characterizing the internal geometry.10 Note that on these N = 1 backgrounds, the
generalized calibrations depend on the number of flat directions filled by the D-brane
(while in the N = 2 case considered in [11] the flat directions are not relevant like in
the standard Calabi-Yau case). More precisely we have different generalized calibrations
for space-time filling D-branes, D-brane domain walls and D-brane strings (i.e. D-branes
filling four, three or two flat space-time directions). The existence of the domain-wall
calibration is essentially equivalent to the existence of a dH-closed pure spinor
ψ ≡ e3A−ΦΨˆ2 , (5.1)
where (see [12, 14] for more details)
Ψˆ2 =
−8i
|a|2
Ψ+ for IIA , Ψˆ2 =
−8i
|a|2
Ψ− for IIB , (5.2)
Φ is the dilaton and e2A is the warp factor multiplying the four-dimensional flat metric.
Thus, as we have recalled in subsection 2.2, the internal manifold M has a natural
9See [30] for a proposal to extend the ideas of [11, 12] to different generalized geometries.
10Note that the same pure spinors are indicated with Φ± in [2] and, like in [12], we use the supergravity
conventions of [31] (see [12] for the explicit relation with the conventions of [2]).
16
(integrable) generalized complex structure J = J2 associated to Ψˆ2 or, more strictly, M
is a generalized Calabi-Yau a` la Hitchin [6]. When, in what follows, we decompose forms
and exterior derivatives with respect to a generalized complex structure as in section 2.2,
it will be this one.
On the other hand the other pure spinor Ψˆ1 defined as
Ψˆ1 =
−8i
|a|2
Ψ− for IIA , Ψˆ1 =
−8i
|a|2
Ψ+ for IIB , (5.3)
is not dH-closed due to the presence of the RR fluxes and thus defines a (generically
non-integrable) generalized almost complex structure Jˆ = J1.
In this paper we will focus on the deformations of generalized calibrated space-time
fillingD-branes (as we have said, in theN = 2 case considered in [11] this restriction is not
necessary and everything we will say is automatically valid for the other cases). Now, in
[12, 14] it was discussed how for space-time filling D-branes the supersymmetry condition,
which is equivalent to the generalized calibration condition, can be decoupled in a pair of
conditions which have a clear four-dimensional interpretation. The first condition can be
seen as an F-flatness condition (which comes from an appropriate superpotential, defined
in section 6) and is equivalent to the condition that the D-brane must wrap a generalized
complex cycle (Σ,F) with respect to J2, as defined in section 3. The second condition
can be seen as a D-flatness condition, and can be written in terms of the non-integrable
pure spinor in the following way:
PΣ[e
2A−ΦIm Ψˆ1] ∧ e
F |top = 0 . (5.4)
Note that
dH
(
e2A−ΦIm Ψˆ1
)
= 0 , (5.5)
this polyform being the generalized calibration for the D-brane strings (see [14] for a
discussion on this relation).
The outcome of this brief review of the results of [12, 14] is that the infinitesimal
deformations preserving the generalized calibration condition must separately preserve
the F- and D-flatness condition. We already know that the preservation of the F-flatness
condition boils down to the condition (3.6) for the generator X. On the other hand, one
can see from a calculation like in (3.3) that X preserves the D-flatness condition if and
only if
PΣ[LX(e
2A−ΦIm Ψˆ1)] ∧ e
F |top = 〈dH(e
2A−ΦX · Im Ψˆ1), j(Σ,F)〉 = 0 , (5.6)
where the second term must be seen as a current density with support on Σ. One can
show from (5.4) that this condition is invariant under the shift X → X + Y with Y a
section of T(Σ,F). Since j(Σ,F) ∈ Γcurr(U0), this condition can also be written in the form
Re 〈∂H(e
2A−ΦX0,1 · Im Ψˆ1), j(Σ,F)〉 = 0 . (5.7)
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The condition (5.7) provides a gauge-fixing condition for the imaginary extension of
the world-volume gauge transformations. This was already argued in [14] considering
directly the condition (5.4) and showing that any imaginary gauge transformation vi-
olates it. The argument was based on the possibility of seeing (5.4) as the vanishing
condition of the moment map associated to the real gauge transformations. We review
the definition of the moment map in appendix A, in a form suited for the purposes of the
present paper, and apply it to also show how a possible violation of the condition (5.7)
under an infinitesimal deformation can always be reabsorbed by an appropriate imagi-
nary gauge transformation. In short, in appendix A we show that in the equivalence class
of deformations preserving the F-flatness condition there is one and only one deformation
preserving the D-flatness condition.
The same arguments of appendix A imply on the other hand that a condition of the
form
Im 〈∂H(e
2A−ΦX0,1 · Im Ψˆ1), j(Σ,F)〉 = 0 , (5.8)
provides a gauge-fixing of the real gauge transformations. Indeed, it is enough to rewrite
(5.8) in the form
0 = 〈dJH(e
2A−ΦX · Im Ψˆ1), j(Σ,F)〉 =
= 〈dH(e
2A−Φ(JX) · Im Ψˆ1), j(Σ,F)〉 . (5.9)
We can thus repeat the arguments in appendix A simply replacing X with JX, to see that
(5.8) selects a particular element in the equivalence class of real gauge transformations.
Putting together the two conditions (5.7) and (5.8) we obtain
〈∂H(e
2A−ΦX0,1 · Im Ψˆ1), j(Σ,F)〉 = 0 , (5.10)
that provides a gauge-fixing for the whole complexified gauge algebra and thus identifies
the dL(Σ,F)-closed generator X
0,1 as a particular element in the associated cohomology
class. What we find in the present context is what usually happens in the study of su-
persymmetric gauge theories, where the flat directions in a (regular) point of the moduli
space (in fact, the full moduli space, up to stability conditions) can be described using
holomorphic operators which are gauge invariant with respect to the complete complex-
ified gauge group (see e.g. [32]).
In fact, we can understand the above discussion by writing the condition (5.10) in a
way which is the direct generalization of the usual conditions which are adopted in the
standard case of fluxless D-branes on Calabi-Yau manifolds. As discussed in appendix B,
it is possible to introduce a metric G on the sections of Λ•L⋆(Σ,F) ≃ Λ
•N 0,1(Σ,F) and, using
it, to define a codifferential operator d†L(Σ,F). The condition (5.10) can then be rewritten
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in the following way:
d†L(Σ,F)[X
0,1] = 0 . (5.11)
Recalling the F-flatness condition, we then find that the supersymmetry preserving
deformations are described by a section [X0,1] of N 0,1(Σ,F) ≃ L
⋆
(Σ,F) satisfying the conditions
dL(Σ,F)[X]
0,1 = 0 , d†L(Σ,F)[X]
0,1 = 0 . (5.12)
As an alternative to the proofs in appendix A one can thus also apply the standard formal
argument to argue that the condition (5.11) selects a unique element in the cohomology
class represented by the dL(Σ,F)-closed element [X
0,1] (see for instance [33]). As usual, we
can call such an element harmonic
∆L(Σ,F)[X]
0,1 = 0 , (5.13)
with respect to the generalized Laplacian
∆L(Σ,F) = dL(Σ,F)d
†
L(Σ,F)
+ d†L(Σ,F)dL(Σ,F) . (5.14)
So it follows that the generalized calibration preserving deformations can be described
by the harmonic representatives of the cohomology group H1(L(Σ,F)). Furthermore, as
discussed in appendix B, one can see that the Lie algebroid differential complex asso-
ciated to L(Σ,F) is elliptic and thus, since we always assume Σ to be a compact cycle,
its cohomology groups (and in particular H1(L(Σ,F))) are finite-dimensional. Also, in
appendix C we show how any deformation that preserves the minimal energy associated
to the calibrated configuration must in fact (after gauge-fixing the real gauge transforma-
tions) obey the conditions (5.12), implying that H1(L(Σ,F)) indeed classifies the massless
deformations around a calibrated cycle.
In summary, we have reached the conclusion that the infinitesimal gauge-inequivalent
deformations preserving the generalized calibration condition for space-filling D-branes
are given by elements of the following isomorphic cohomology groups
H1∂¯H (Σ,F) ≃ H
1(L(Σ,F)) , (5.15)
and in fact they are described by the harmonic representatives of these cohomology
groups.
Note that, as a real vector space, H1(L(Σ,F)) has by construction a natural complex
structure induced by J . This is expected from the effective four-dimensional description
of the dynamics of the space-time filling D-branes, that will be discussed more extensively
in section 6, since by supersymmetry the massless fields should organize in complex chiral
fields, whose number is then given by dimCH
1(L(Σ,F)).
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6 Some comments on higher order deformations and
superpotentials
In the previous sections we have studied the first order deformations of generalized cali-
brated cycles that preserve the calibration condition, finding that they are given by the
elements of the first Lie algebroid cohomology group H1(L(Σ,F)). The question of which
of these first order deformations can actually be integrated to an unobstructed finite
deformation is out of the scope of this paper. The answer is bound to be non-trivial in
general since it is known at least that in the extremal case of special Lagrangian manifolds
there are no obstructions [19] while in the case of complex manifolds the obstructions
lie in the first cohomology group H1
∂¯
(N 1,0Σ ).
11 In this section we make some qualitative
observations based on the four-dimensional point of view, but let us first note that for
the deformations of the bulk on the other hand, it has been shown that they are unob-
structed in the case of a compact H-twisted generalized Calabi-Yau [35], although it is
not known whether this result extends to the case where RR-fluxes spoil the integrability
of one of the generalized complex structures.
In the four-dimensional description of a space-time filling D-brane, dimCH
1(L(Σ,F))
corresponds to the number of complex massless chiral fields φi coming from the defor-
mations of the D-brane in the internal manifold. Considering a single D-brane that is
always in the classical-geometrical regime, the φi’s constitute the only chiral fields in
the low-energy four-dimensional description resulting from integrating out the massive
KK-deformations that do not preserve the calibration condition. Furthermore, the φi’s
are uncharged under the low-energy U(1) gauge symmetry. The existence of higher or-
der obstructions for the first order deformations given by H1(L(Σ,F)) is thus on physical
grounds expected to be equivalent to the existence of a non-trivial effective superpotential
Weff(φ) for the chiral fields φi.
In the six-dimensional case, this superpotential can in principle be obtained from
the geometrical superpotentials found in [14], which have generalized complex cycles as
extrema12. In order to understand why the six-dimensional case is special, let us rederive
their form in a direct alternative way, using the characterization of generalized complex
cycles given in equation (3.1). Let ψ = e3A−ΦΨˆ2 denote the dH-closed pure spinor giving
M the generalized Calabi-Yau structure. Then, in the case of M six-dimensional and
11Actually, there is a case in which one can say something more. If we consider type IIA SU(3)
structure (symplectic) vacua, supersymmetric D6-branes must wrap Lagrangian cycles which satisfy an
additional D-flatness condition which looks formally identical to the ‘speciality’ condition for Lagrangian
cycles in ordinary Calabi-Yaus [12, 14]. Then in this case, as observed in [34], the arguments of [19] still
apply and the D6-brane massless modes have no higher order obstructions.
12Here we neglect possible world-sheet instanton effects that can indeed be present.
20
only in this case, the condition (3.1) can be written in the form∫
M
〈ψ,X · j(Σ,F)〉 = 0 , for any X ∈ Γ
(
(TM ⊕ T
⋆
M )|Σ
)
. (6.1)
Note that in the above condition we can actually consider X as an element of Γ(N(Σ,F)).
The latter can be identified with the tangent bundle of the configuration space of gener-
alized cycles C at the ‘point’ (Σ,F). Thus, if we introduce the one-form θ on C defined
as
θ([X]) =
∫
Σ
PΣ[X · ψ] ∧ e
F , (6.2)
for any [X] ∈ TC|(Σ,F) ≃ Γ(N(Σ,F)), we can identify the space Chol ⊂ C of generalized
complex cycles by the condition
θ|Chol = 0 . (6.3)
The one-form θ is closed and the easiest way to see this is by writing it as θ = dW
on some contractible domain in C. To define W, let us first fix a certain (arbitrary)
generalized cycle (Σ0,F0). Next, consider any cycle (Σ,F) in the same generalized ho-
mology class, i.e. this cycle should be such that a generalized chain (B, F˜) exists so that
∂B = Σ − Σ0, PΣ[F˜ ] = F and PΣ0 [F˜ ] = F0. Then the superpotential at the ‘point’
(Σ,F) is given by13
W(Σ,F) =
∫
B
PB[ψ] ∧ e
F˜ . (6.4)
W represents the geometrical D-brane superpotential that was first derived in [14].
Therein it was also shown how it can be obtained from a more physical argument relating
it to the tension of BPS domain walls, by using the domain wall calibrations of [12]. Note
that it obviously only depends on the integrable generalized complex structure, where
on the other hand, as we argue in appendix E, the Ka¨hler potential also depends on the
non-integrable one.
As we have explained at the beginning of section 4, the space of generalized complex
cycles Chol is preserved by the action of the algebra of complexified infinitesimal gauge
transformations gC, which we obtained by complexifying the world-volume gauge trans-
formations. As discussed in [14] in the case of N = 1 flux vacua, using the SU(3)×SU(3)
structure of the background one can define an almost complex structure on the complete
configuration space C that under restriction to Chol reduces to the almost complex struc-
ture implicitly introduced in section 3. The superpotentialW is holomorphic with respect
13To simplify the expressions we normalized all factors to one. The appropriate normalizations are
discussed in [14].
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to this almost complex structure and is automatically invariant under the complexified
gauge algebra gC.
As was recalled in section 5, supersymmetric generalized cycles are precisely the gen-
eralized calibrated cycles and must not only extremize the superpotential (6.4), but also
obey the D-flatness condition. Postponing to appendix D a discussion on the stability
problem, i.e. the problem of whether the D-flatness condition can in fact be satisfied at
all, let us assume that it is indeed fulfilled (this seems plausible if we consider only config-
urations in a neighbourhood of a stable/supersymmetric one). Thus, as usual in standard
supersymmetric gauge theories, the D-flatness condition provides a slice of the imaginary
extension of the gauge group, so that the moduli spaceM of supersymmetric/calibrated
generalized cycles can be written as
M≡ (Chol ∩ {D− flat generalized cycles})/G = Chol/G
C , (6.5)
where G and GC denote the space of finite gauge transformations generated by g and its
complexification gC respectively.
One should thus be able to obtain the effective superpotential Weff(φ) by expanding
(6.4) and integrating out the massive fields. For example, a second order expansion of
the superpotential W around a generalized complex cycle (Σ,F) ∈ Chol can be obtained
from the discussion of section 3, and is given by
∇[X]∇[Y]W|(Σ,F) =
∫
Σ
PΣ[X · dH(Y · ψ)] ∧ e
F =
∫
Σ
PΣ[X
0,1 · ∂¯H(Y
0,1 · ψ)] ∧ eF , (6.6)
where the expression does not depend explicitly on the actual form of the covariant
derivative ∇ on C since we are restricting to Chol where ∇[Y]W|Chol ≡ 0. The quadratic
term (6.6) should give the propagator one should use in order to integrate out the massive
modes to produceWeff(φ), as for example discussed in [36]. This procedure is non-trivial
and involves the use of the complete SU(3)×SU(3) structure to fix the gauge symmetry
and perform the actual expansion and reduction of W, but we will not try to address
this question here.
7 Examples and applications
Presently, we want to apply the results of the previous sections to study the massless spec-
trum of supersymmetric space-time filling D-branes in several SU(3)× SU(3) structure
type II backgrounds preserving N = 2 or N = 1 four-dimensional supersymmetry. The
N = 2 case includes backgrounds where the internal is space is an ordinary Calabi-Yau
or a generalized Ka¨hler space with non-trivial NSNS-fluxes. The N = 1 case involves
the inclusion of RR-fluxes. Note that, differently from the Calabi-Yau or generalized
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Ka¨hler case, the properties of the N = 1 backgrounds are specific to a six-dimensional
internal space and cannot be easily extrapolated to different dimensions. Furthermore,
in the N = 1 case, there is no arbitrary phase in the non-integrable pure spinor, so the
Fayet-Iliopoulos term ξ, which depends on it, cannot always be set to zero independently
of the kind of D-brane. Thus, in N = 1 vacua we should consider a restricted class
of supersymmetric D-branes, having the same supersymmetry ‘phase’, as specified by
the non-integrable pure spinor. For example, in the type IIB SU(3) structure case, this
nothing but the statement that space-filling supersymmetric D3- and D7-branes exist in
the so-called type B backgrounds, while D5- and D9-branes exist in the type C back-
grounds [1, 14]. However, the key result of the previous sections is that, once we start
from a supersymmetric D-brane configuration, the massless fluctuations around it are
given by the Lie algebroid cohomology H1(L(Σ,F)) which depends only on the integrable
generalized complex structure, always present in both the N = 1 and N = 2 case. The
fact that the other pure spinor is integrable only in the N = 2 case does not affect the
above result on the spectrum of massless D-brane fluctuations. Thus we will generically
consider our internal space as being simply a generalized Calabi-Yau space (a` la Hitchin)
of arbitrary dimension, restricting to the six-dimensional case when we need to be more
specific.
We start with the ordinary Calabi-Yau case, which is quite well understood and will
be used here as a warm-up exercise, and later we introduce world-volume and background
fluxes. When possible, in the cases where the fluxes ‘preserve’ an underlying complex
or symplectic geometrical structure, we discuss in detail the flux-induced moduli-lifting
mechanism. We also consider point-like cycles in a genuine generalized complex back-
ground, which even if seeming so simple, exhibit some interesting non-trivial features due
to the generalized nature of the underlying geometry.
7.1 D-branes on ordinary Calabi-Yaus: introduction
The standard examples of generalized complex submanifolds are B-branes and A-branes
in Calabi-Yau manifolds. The former correspond to complex submanifolds on which a
holomorphic connection is defined, while the latter corresponds to the coisotropic branes
of [15, 16]. The cohomology groups Hk(L(Σ,F)) in these cases have already been studied
in detail in [25], where they arose as the BRST cohomology giving the massless spectrum
of the open topological string. Our result that identifies H1(L(Σ,F)) with the fluctuations
of the calibrated generalized cycles provides the geometrical counterpart of the results of
[25].
In the following two subsections we will revisit, for completeness and also as a useful
warm-up exercise, the essential points of the calculation of Hk(L(Σ,F)) given in [25].
This will allow us to point out some important observations, which will be useful in the
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subsequent subsections where we consider D-branes on backgrounds with fluxes.
For B- and A-branes on Calabi-Yaus, it is enough to consider the Calabi-Yau’s com-
plex or symplectic structure respectively. We thus recall here the form of the correspond-
ing globally defined pure spinors, ψc and ψs, and generalized complex structures Jc and
Js.
From an almost complex structure J one can construct a generalized almost complex
structure
Jc =
(
−J 0
0 JT
)
, (7.1)
with pure spinor of the form ψc = Ω, where Ω is the holomorphic (3, 0)-form associated
to J . In the fluxless Calabi-Yau case H = 0, and so Jc is integrable if and only if the
complex structure J is integrable.
From a non-degenerate antisymmetric form ω one can construct a second type of
generalized almost complex structure
Js =
(
0 ω−1
−ω 0
)
, (7.2)
with pure spinor of the form ψs = e
iω. This generalized complex structure is integrable
if and only if dω = 0, and thus ω defines a symplectic structure.
7.2 Warm-up: fluxless supersymmetric A- and B-branes on
Calabi-Yaus
Let us start with the simplest and well-known case of zero world-volume flux F (which
is possible since H = 0). Thus the wrapped cycle Σ must be special Lagrangian for
A-branes and holomorphic for B-branes. The sector of the spectrum originating from the
geometrical fluctuations of the cycles is given by H1(Σ,R) for A-branes [19] andH0
∂¯
(N 1,0Σ )
for B-branes, where N 1,0Σ is the (ordinary) holomorphic normal bundle to the brane. In
addition to these geometrical fluctuations, we must also consider the world-volume gauge
field fluctuations. Since the A-branes must preserve the condition F = 0, the spectrum
of gauge field fluctuations is given by another H1(Σ,R), that combines with the one of
the geometrical fluctuations to give H1(Σ,C). On the other hand, the requirement for B-
branes is that the line bundle connection must be holomorphic, so that the corresponding
spectrum is given by H0,1
∂¯
(Σ). Thus, around F = 0, the total B-brane deformations are
given by H0
∂¯
(N 1,0Σ )⊕H
0,1
∂¯
(Σ).
These spectra are directly reproduced by H1(L(Σ,F=0)), which automatically encodes
information about both the geometrical and gauge sectors. To show this, let us review
explicitly the computation of Hk(L(Σ,F=0)), first presented in [25].
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Consider first Lagrangian A-branes, i.e. branes that wrap middle-dimensional cycles
Σ, such that PΣ[ω] = 0. The background maximal isotropic sub-bundle defining the
generalized complex structure (7.2) is given by
Ls = {X − i ιXω : X ∈ TM ⊗ C} , (7.3)
while the generalized tangent bundle is given by
T(Σ,F=0) = TΣ ⊕N
⋆
Σ , (7.4)
where N ⋆Σ ≡ AnnTΣ is the cycle’s conormal bundle, dual to NΣ. Thus the D-brane Lie
algebroid is
L(Σ,F=0) = L
s|Σ ∩ (T(Σ,F=0) ⊗ C) = {X − i ιXω : X ∈ TΣ ⊗ C} , (7.5)
and
L⋆(Σ,F=0) ≃ N
0,1
(Σ,F=0) = {[V ] + iPΣ[ιV ω] : [V ] ∈ NΣ} . (7.6)
Using the property (2.17) of Courant brackets (with B = −iω) we can easily see that
L(Σ,F=0) ≃ TΣ⊗C not only as a bundle but also as a Lie algebroid on Σ. Thus L
⋆
(Σ,F=0) ≃
T ⋆Σ⊗C, as can also be seen directly from (7.6), and the Lie algebroid differential is given
by the ordinary differential acting on Γ(ΛkT ⋆Σ), i.e.
dL(Σ,F=0) ≃ d . (7.7)
For the sake of comparison to [19] we explicitly construct the isomorphism L⋆(Σ,F=0) ≃
T ⋆Σ ⊗ C. We take α˜
0,1 = ([V ] + iPΣ[ιV ω]) ∈ N
0,1
(Σ,F=0) and associate to this normal vector
in the manner of (4.4) an element α ∈ L⋆(Σ,F) that acts on X = X − i ιXω as
α(X) = 2i ιXιV ω . (7.8)
The isomorphism is now given by associating to this a β ∈ T ⋆Σ ⊗ C
β = 2i ιV ω . (7.9)
A massless deformation is thus described by a V ∈ Γ(NΣ) such that ιV ω is closed on
Σ, but not exact. Furthermore we find that exactly when V is real, α˜1,0 + α˜0,1 = 2[V ]
describes a purely geometric deformation, i.e. one without deformation of the gauge field.
In this case we find precisely the result of [19].
Concluding Hk(L(Σ,F=0)) ≃ H
k(Σ,C), and in particular the massless deformations of
special Lagrangian D-branes are given by H1(Σ,C), reproducing the well-known result
we recalled above.
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Let us now consider B-branes wrapping holomorphic cycles with F = 0. In this case
the relevant maximal isotropic sub-bundle is given by
Lc = T 0,1M ⊕ T
⋆1,0
M , (7.10)
while the generalized tangent bundle is still given by (7.4). Thus the Lie algebroid
becomes
L(Σ,F=0) = T
0,1
Σ ⊕N
⋆1,0
Σ , (7.11)
with Lie algebroid bracket given by
[X1, X2]L(Σ,F=0) = [X1, X2] , [X1, ξ1]L(Σ,F=0) = ιX1dξ1 , [ξ1, ξ2]L(Σ,F=0) = 0 , (7.12)
where X1, X2 ∈ Γ(T
0,1
Σ ) and ξ1, ξ2 ∈ Γ(N
⋆1,0
Σ ), while the dual (0, 1) generalized normal
bundle is given by
L⋆(Σ,F=0) ≃ N
0,1
(Σ,F=0) = T
⋆0,1
Σ ⊕N
1,0
Σ . (7.13)
Thus the Lie algebroid differential complex is given by the sections of
ΛkL⋆(Σ,F=0) ≃ Λ
kN 0,1(Σ,F=0) =
⊕
k=p+q
ΛpT ⋆0,1Σ ⊗ Λ
qN 1,0Σ , (7.14)
with differential
dL(Σ,F=0) ≃ ∂¯ , (7.15)
as can easily be computed from (7.12). The conclusion is that the algebroid cohomology
is given by
Hk(L(Σ,F=0)) =
⊕
k=p+q
H0,p
∂¯
(ΛqN 1,0Σ ) , (7.16)
and the massless deformations of supersymmetric B cycles with F = 0 are given by
H1(L(Σ,F=0)) = H
0
∂¯(N
1,0
Σ )⊕H
0,1
∂¯
(Σ) , (7.17)
reproducing the well-known result announced above.
7.3 A less trivial case: D-branes on Calabi-Yaus with world-
volume flux
In this subsection we consider the effect of introducing world-volume fluxes on super-
symmetric D-branes on Calabi-Yau manifolds. The calculation of the relevant algebroid
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cohomology groups has already been performed in some detail in [25], and here we recall
only the main points. We will then discuss the interpretation of the resulting massless
fluctuations of the supersymmetric D-branes, trying to clarify the role of fluxes and their
possible moduli lifting effect. Note that the effect of world-volume fluxes on D-branes in
Calabi-Yau manifolds has been discussed from a geometrical point of view several times
in the literature (see for example [37–41]). Here we would like to revisit this issue from
the point of view of generalized complex geometry.
7.3.1 B-branes with flux
Let us start with supersymmetric B-branes with world-volume fluxes, which are more
intensively studied than the flux A-branes. Thus, the D-brane wraps a generalized cycle
(Σ,F) that is generalized complex with respect to Jc. According to [7] this means that
Σ is a complex submanifold with respect to J , and F is of type (1, 1) with respect to
PΣ[J ]. So we end up with a holomorphic cycle on which a holomorphic line bundle is
defined.
Following the same steps as in the previous examples, one can easily find that L(Σ,F)
is spanned by vectors of the form
X1 = X¯ + ιX¯F , X¯ ∈ T
0,1
Σ ,
X2 = η , η ∈ N
⋆1,0
Σ .
(7.18)
At a first sight, the identification of the vectors (7.18) seems to provide a possible splitting
of L(Σ,F) into
T 0,1Σ ⊕N
⋆1,0
Σ . (7.19)
This would give an isomorphism L(Σ,F) ≃ L(Σ,F=0) that would furthermore be compatible
with the Lie algebroid brackets, leading to the conclusion that the algebroid cohomology
would still be given by (7.16).
However, it is in general not possible to canonically split L(Σ,F) as in (7.19), since the
presence of a non-zero F generically implies that the transition functions on overlapping
patches will mix vectors of type X1 and X2. The obstruction to such a splitting originates
in an obstruction to the splitting of T 1,0M |Σ into T
1,0
Σ ⊕N
1,0
Σ as holomorphic bundles.
To see this, we can take the dual bundle T ⋆1,0M |Σ, that analogously does not generically
allow the holomorphic splitting
T ⋆1,0M |Σ ≃hol T
⋆1,0
Σ ⊕N
⋆1,0
Σ , (7.20)
but instead fits into the short exact sequence
0 → N ⋆1,0Σ → T
⋆1,0
M |Σ → T
⋆1,0
Σ → 0 . (7.21)
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Thus we see that the terms of the form ιX¯F ∈ T
⋆1,0
Σ in vectors of type X1, will generically
mix with elements of N ⋆1,0Σ that enter the vectors of type X2. On the other hand, in
the case that the holomorphic splitting (7.20) is allowed, we can indeed conclude that
the algebroid cohomology groups Hk(L(Σ,F=0)) are given by (7.16), and then there is
no flux-induced moduli lifting mechanism and the spectrum of massless fluctuations is
identical to the fluxless case.
Let us now describe the main points of what happens when the holomorphic splitting
is not allowed (for more details see [25]). It is first convenient to find a consistent way
to define the splitting of L(Σ,F) into (7.19), so that L(Σ,F) and L(Σ,F=0) are given by the
same vector bundle, but with different Lie algebroid structures.
This can be done by choosing a particular set of holomorphic charts adapted to Σ.
They define a set of holomorphic sections γ of T 1,0Σ ⊗N
⋆1,0
Σ on the overlap of the different
pairs of charts, that by definition give the mixing terms in N ⋆1,0Σ , produced by elements
of T ⋆1,0Σ when passing from one chart to another. This means that, if U and U
′ are two
intersecting charts adapted to Σ, then a section η of T ⋆1,0Σ |U is on U ∩ U
′ related by the
change of charts to the element η + γyη. γ can easily be seen to define a C˘ech 1-cocycle
with values in the holomorphic sheaf T 1,0Σ ⊗ N
⋆1,0
Σ and ∂¯γ = 0. The 1-cocycle γ can be
written as the C˘ech coboundary of a smooth 0-cochain p of T 1,0Σ ⊗N
⋆1,0
Σ :
γ = δp , (7.22)
i.e., p is defined by smooth sections on the different charts and, if U and U ′ are two
intersecting charts, then γ = p′ − p on U ∩ U ′.
Then we have L(Σ,F) ≃ T
0,1
Σ ⊕ N
⋆1,0
Σ defined by the inclusion N
⋆1,0
Σ ⊂ L(Σ,F) and by
identifying X¯ ∈ T 0,1Σ on each chart with the element
X¯ + ιX¯F − py(ιX¯F) ∈ L(Σ,F) . (7.23)
Using the transformation laws p → p + γ and ιX¯F → γy(ιX¯F) under change of charts,
one can check that the above splitting is well defined.
Now, L(Σ,F) and T
0,1
Σ ⊕N
⋆1,0
Σ , even if isomorphic as vector spaces, are not isomorphic as
Lie algebroids. This implies that the algebroid differential dL(Σ,F) still acts on the smooth
sections of (7.14) but is different from ∂¯. To describe it, let us first note that since ∂¯γ = 0
we have δ∂¯p = 0 so that ∂¯p defines a ∂¯-closed global section βΣ of T
1,0
Σ ⊗ N
⋆1,0
Σ ⊗ T
⋆0,1
Σ ,
which defines a cohomology class [βΣ] ≃ [γ] in H
0,1
∂¯
(T 1,0Σ ⊗N
⋆1,0
Σ ). Then, it is possible to
show that
dL(Σ,F) ≃ ∂¯ + δ(Σ,F) , (7.24)
with
δ(Σ,F) ≡ −(βΣ ◦ F)x : Γ(Λ
pT ⋆0,1M ⊗ Λ
qN 1,0Σ )→ Γ(Λ
p+2T ⋆0,1M ⊗ Λ
q−1N 1,0Σ ) , (7.25)
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where
◦ : T 1,0Σ ⊗N
⋆1,0
Σ ⊗ T
⋆0,1
Σ × T
⋆1,0
Σ ⊗ T
⋆0,1
Σ → N
⋆1,0
Σ ⊗ Λ
2T ⋆0,1Σ (7.26)
is given by (the unique) combination of external product and contraction, and x contracts
the index in N ⋆1,0Σ of βΣ ◦ F with the indices in Λ
qN 1,0Σ .
Note that δ(Σ,F) in (7.24) is itself a differential (of degree (2,−1)) and, since βΣ ◦F
is ∂¯-closed, dL(Σ,F)can be seen as the sum of two commuting differentials. The study of
the Lie algebroid cohomology could be addressed by application of the standard theory of
spectral sequences. However, the calculation of H1(L(Σ,F)) giving the D-brane massless
fluctuations can be performed directly. Indeed, a pair (a, [X ]) ∈ Γ(L⋆(Σ,F)) ≃ Γ(T
⋆0,1
Σ ⊕
N 1,0Σ ) defines an element in H
1(L(Σ,F)) if and only if
∂¯[X ] = 0 , (7.27)
δ(Σ,F) · [X ] + ∂¯a = 0 , (7.28)
a ≃ a+ ∂¯λ for any λ ∈ Γ(Σ,C) . (7.29)
The first condition (7.27) tells us that [X ] ∈ H0
∂¯
(N 1,0Σ ). Note that it also implies that
δ(Σ,F) · [X ] is ∂¯-closed, and the second condition (7.28) imposes that it must be actually
exact and equal to −∂¯a. Thus, a is determined by (7.28) up to a ∂¯-closed term, and
(7.29) means that we must only consider the corresponding element in H0,1
∂¯
(Σ).
Thus we reach the conclusion that the massless fluctuations are given by
H1(L(Σ,F)) = H
0,1
∂¯
(Σ)⊕H0dL(Σ,F)
(N 1,0Σ ) , (7.30)
where
H0dL(Σ,F)
(N 1,0Σ ) = ker[δ(Σ,F) : H
0
∂¯(N
1,0
Σ )→ H
0,2
∂¯
(Σ)] . (7.31)
From (7.30) we can immediately conclude that the massless modes originating from
the world-volume gauge field (given by H0,1
∂¯
(Σ)) are not lifted by the flux F . This was
expected, since we can consider fluctuations of the holomorphic gauge field while keeping
the cycle Σ fixed, thus always obtaining H0,1
∂¯
(Σ) as part of the spectrum. On the other
hand, if the holomorphic splitting (7.20) is not allowed, the action of δ(Σ,F) on H0
∂¯
(N 1,0Σ )
is in general non-trivial and the geometrical massless modes of the fluxless case can be
lifted.
We can give a direct geometrical explanation of (7.28) and of the resulting lifting
of the geometrical massless modes encoded in (7.31). Suppose first that T 1,0M |Σ splits
holomorphically into T 1,0Σ ⊕ N
1,0
Σ . Any holomorphic section [X ] of N
1,0
Σ can be uplifted
to a globally defined holomorphic section of T 1,0M |Σ. Thus, [X ] generates a deformation
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of the holomorphic cycle Σ while keeping its complex structure fixed. This means that
F0,2 remains zero under the deformation of the cycle and (Σ,F) deforms to a generalized
complex cycle.
Let us now consider the general case in which T 1,0M |Σ does not split holomorphically
into T 1,0Σ ⊕N
1,0
Σ . In this case the holomorphic section [X ] of N
1,0
Σ is uplifted to a smooth
section X of T 1,0M |Σ, which, generically, is not holomorphic. However, ∂¯X is a globally
defined holomorphic (0, 1)-form with values in T 1,0Σ , that can be taken to be given by
βΣxX , and defines a cohomology class [βΣxX ] in H
0,1
∂¯
(T 1,0Σ ).
14 The element [βΣxX ] gives
the infinitesimal deformation of the complex structure of the holomorphic cycle Σ induced
by [X ]. This deformation can induce a violation of the condition F0,2 = 0 and thus the
only [X ]’s which do not get a mass are those for which
(δ[X]F)0,2 = −(∂¯X) ◦ F = δ(Σ,F) ·X , (7.33)
can be compensated by a corresponding gauge-field deformation a such that ∂¯a =
−(δ[X]F)0,2, thus reproducing (7.28).
Considering more specifically the case of Calabi-Yau three-folds, we can see that such
a flux induced moduli-lifting can happen only for divisors. Indeed, in the case of zero- and
six-cycles, we have no tangent or normal bundle respectively, and so obviously δ(Σ,F) ≡
0. In the two-cycle case, we also have δ(Σ,F) ≡ 0, since βΣ ◦F ∈ Γ(N
⋆1,0
Σ ⊗Λ
2T ⋆0,1Σ ) and
thus vanishes identically. The same conclusion namely that the massless modes — and
more generally the full moduli space — of two-cycles do not depend on the world-volume
fluxes, could be reached directly from the superpotential (6.4) for generalized two-cycles
(Σ2,F), which is given by
W(Σ2,F) =
∫
B3
PB3 [Ω] , (7.34)
and thus clearly does not depend on F .
Thus the only case in which such a non-trivial effect can take place is given by a
generalized four-cycle (Σ4,F), and again it can be obtained from the corresponding
superpotential
W(Σ4,F) =
∫
B5
PB5[Ω] ∧ F˜ , (7.35)
14[βΣxX ] is nothing but the element associated to [X ] by the extension map H
0
∂¯
(N 1,0Σ )→ H
0,1
∂¯
(T 1,0Σ )
in the long exact sequence associated to the short exact sequence
0→ T 1,0Σ → T
1,0
M |Σ → N
1,0
Σ → 0 . (7.32)
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as has already been described in [14]. Furthermore, from (7.35) the holomorphic mass
matrix for the lifted modes can also be computed, and is given by
m
(hol)
ij = ∂i∂jW = −
∫
Σ4
PΣ4[ιXiΩ] ∧ [(∂¯Xj) ◦ F ] =
=
∫
Σ4
PΣ4 [ιXiΩ] ∧ [δ(Σ,F) ·Xj ] , (7.36)
where the [Xi] form a base of H
0
∂¯
(N 1,0Σ ). Thus mij = 0 whenever [δ(Σ,F) · Xi] = 0 or
[δ(Σ,F) ·Xj] = 0 as elements of H
0,2
∂¯
(Σ), which is in accordance with the above general
discussion.
7.3.2 Coisotropic A-branes
In [7, 15] it is explained that a D-brane (Σ,F) is generalized complex with respect to Js,
i.e. it is an A-brane, if and only if
1. Σ is coisotropic i.e. ω−1ξ ∈ TΣ , ∀ξ ∈ N ⋆Σ. It follows that the symplectic orthogonal
bundle T⊥Σ lies within TΣ. It also follows that T
⊥
Σ is integrable.
2. ιXF = 0 , ∀X ∈ T⊥Σ i.e. F descends to TΣ ≡ TΣ/T
⊥
Σ .
3. (ω|TΣ)
−1F|TΣ is an almost complex structure on TΣ. In fact, in [15] it was shown
that it is integrable. In the rest of this subsection if we use the holomorphic
decomposition of ordinary vectors or forms, it will be with respect to this complex
structure.
When TΣ = T
⊥
Σ we find that the submanifold Σ is also isotropic. The second condition
then says that F = 0 and the third is vacuous. This is the standard fluxless Lagrangian
case.
It is immediate to show that iPΣ[ω] + F is a non-degenerate (2, 0) form on TΣ. It
follows that the complex dimension of TΣ must be even and thus we can deduce that
dim TΣ = 4k. We have then dimΣ = d/2 + 2k and dimT⊥Σ = dimNΣ = d/2 − 2k. The
cases relevant for a 6-dimensional internal manifold are k = 0 (special Lagrangian) and
k = 1 (coisotropic D8-branes). From (3.1) we find immediately an equivalent but more
simple formulation of the condition for a coisotropic D-brane
(iPΣ[ω] + F)
k+1 = 0 . (7.37)
The Lie algebroid L(Σ,F) is given by elements of the formX−i ιXω, where X ∈ TΣ⊗C,
such that PΣ[ιXω] = i ιXF . Thus, we can identify
L(Σ,F) ≃ {X ∈ TΣ ⊗ C : PΣ[ιXω] = i ιXF} . (7.38)
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It follows that we have naturally T⊥Σ ⊂ L(Σ,F) as a subbundle and furthermore T
0,1
Σ ≃
L(Σ,F)/(T
⊥
Σ ⊗ C). Thus we see that we obtain the short exact sequence of bundles
0 → T⊥Σ ⊗ C → L(Σ,F) → T
0,1
Σ → 0 . (7.39)
To see the form of the differential dL(Σ,F) , we can locally (and non-canonically) split
L(Σ,F) ≃ (T
⊥
Σ ⊗ C)⊕ T
0,1
Σ , (7.40)
using a local trivialization of the foliation, where we can uplift a local section [U ] −
iPΣ[ιUω] of T
0,1
Σ to a local section U − iιUω of L(Σ,F) (see [25] for a discussion in an
explicit coordinate system). In the same way, using the short exact sequence dual to
(7.39), we can split L⋆(Σ,F) to obtain the following local form of the Lie algebroid complex
Λ•L⋆(Σ,F)
ΛkL⋆(Σ,F) ≃
⊕
p+q=k
ΛpT⊥⋆Σ ⊗ Λ
qT ⋆0,1Σ . (7.41)
Using the property (2.17) of Courant brackets we immediately find the result of [25],
namely that (7.40) is a Lie algebroid isomorphism, and thus dL(Σ,F) acts in the following
way on the local form (7.41) of the complex
dL(Σ,F) ≃ dT⊥Σ + ∂¯T 0,1Σ
. (7.42)
Note that in particular, the massless deformations are given by equivalence classes
[(a, b 0,1)] of sections of
L⋆(Σ,F) ≃ N
0,1
(Σ,F) ≃ (T
⊥⋆
Σ ⊗ C)⊕ T
⋆0,1
Σ , (7.43)
such that
∂¯T 0,1Σ
a+ dT⊥Σ b
0,1 = 0 . (7.44)
and
dT⊥Σ a = 0 , a ≃ a+ dT⊥Σ λ ,
∂¯T 0,1Σ
b 0,1 = 0 , b 0,1 ≃ b 0,1 + ∂¯T 0,1Σ
λ , (7.45)
Since T⊥Σ ≃ NΣ, a describes the complex combination of the geometric deformation of
Σ and the component of the gauge field in T⊥⋆Σ , while b
0,1 describes the component of
the gauge field deformation in T ⋆0,1Σ . Thus the first condition (7.44) may be seen as
the condition that ιXF = 0 for any X ∈ T⊥Σ is preserved under the deformation. On
the other hand, note that the first line of (7.45), which controls the directions along
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the (d/2− 2k)-dimensional T⊥Σ , is completely analogous to the result on deformations of
special Lagrangian submanifolds, while the second line is reminiscent of the gauge defor-
mations of a B-brane and comes from the requirement that the deformation generated
by b preserves the condition that (ω|TΣ)
−1F|TΣ squares to −1. Note also that the gauge
equivalence in the first line of (7.45) tells us that there are gauge deformations of the
cycle Σ that come from the natural complexification, induced by the underlying general-
ized complex geometry, of the (real) world-volume gauge-field transformations along T⊥Σ .
These gauge transformations are the coisotropic generalization of the usual Hamiltonian
deformations of Lagrangian cycles. They were assumed in [15] and we see here how they
arise naturally from the generalized complex approach.
We can also immediately find this result by plugging the deformation generated by
(a, b) in (7.37), where Im a = iPT⊥Σ [ιXω] is associated to the deformation of Σ generated
by X ∈ Γ[NΣ] and (Re a, b) is associated to the deformations of F . Indeed, we obtain
the condition
(iPΣ[ω] + F)
k ∧ (da+ db) = 0 , (7.46)
which can be shown to be equivalent to (7.44) and (7.45), using the fact that (iPΣ[ω]+F)k
descends to a non-vanishing (2k, 0) form on TΣ .
7.4 Switching on background fluxes on complex and symplectic
manifolds: D-branes on SU(3) structure backgrounds
In this section we consider non-trivial background fluxes, beginning with flux vacua which
preserve an underlying complex or symplectic structure. A string theory realization of
this condition is given by type II flux vacua with SU(3) structure, that turn out to be
symplectic in the IIA case and complex in the IIB case. These have fluxes turned on,
back-reacting on the geometry and generating generically a warp factor. However, as
we have already pointed out, in order to identify the supersymmetric D-brane massless
fluctuations, we can ignore the complete structure of these backgrounds, focusing only
on the complex or symplectic structure of the internal manifolds.
Consider first a symplectic manifold. As we have recalled in subsection 7.1, the
corresponding pure spinor has the form ψs = e
iω. Even if we are considering backgrounds
with general fluxes, the only possible modifications involving ψs are an overall factor and
the H-twisting of the integrability condition that now reads dHψs = 0. However, it is
easy to see that this integrability condition can only be fulfilled if the overall factor is
constant and H = 0. So the introduction of fluxes does not modify the analysis of the
Lie algebroid structure at all, and we can directly borrow the results on A-branes derived
in the fluxless background cases studied in sections 7.2 and 7.3.2.
Let us now pass to flux complex manifolds and B-branes. The pure spinor has the
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form ψc = Ω, where Ω is a globally defined (d/2, 0) holomorphic form. However, this
time the introduction of general fluxes can have a non-trivial effect on the D-brane Lie
algebroids, since the condition dHψc = 0 allows a non-vanishing H field satisfying the
restriction H0,3 = H3,0 = 0. In order to compute the relevant algebroid cohomology, we
can parallel the discussion of [25] on B-branes in fluxless Calabi-Yau spaces that we have
reviewed in section 7.3.1. In a similar way, we introduce the same kind of vector-bundle
isomorphism leading to
L(Σ,F) ≃ T
0,1
Σ ⊕N
⋆1,0
Σ . (7.47)
Thus the relevant algebroid graded complex is still given by the global sections of
ΛkL⋆(Σ,F) ≃ Λ
kN 0,1(Σ,F) ≃
⊕
p+q=k
ΛpT ⋆0,1Σ ⊗ Λ
qN 1,0Σ . (7.48)
The computation of the Lie algebroid differential dL(Σ,F) proceeds as in the H = 0 case,
with the only differences that we must use the H-twisted Courant bracket (2.16) and
take into account that dF = PΣ[H ]. The result is that
dL(Σ,F) ≃ ∂¯ + δ
H(Σ,F) , (7.49)
with
δH(Σ,F) = δ(Σ,F) + PΣ[H
1,2
x] , (7.50)
where δ(Σ,F) is as defined in (7.25) and x contracts the (1, 0) index in H1,2 with the
indices in ΛqN 1,0Σ of the sections of (7.48).
15 Thus, we repeat the steps of the case with
H = 0, arriving at the following massless spectrum:
H1(L(Σ,F)) = H
0,1
∂¯
(Σ)⊕H0dL(Σ,F)
(N 1,0Σ ) . (7.51)
where
H0dL(Σ,F)
(N 1,0Σ ) = ker[δ
H(Σ,F) : H0∂¯(N
1,0
Σ )→ H
0,2
∂¯
(Σ)] (7.52)
Again, as in the case H = 0, H0,1
∂¯
(Σ) in (7.51) corresponds to the unlifted world-
volume gauge field deformations. Note however that, differently from the caseH = 0, now
15Let us stress that the action of x in PΣ[H
1,2
x], as the operator δ(Σ,F) itself, is well-defined once
we have fixed a (non-canonical) choice for the uplifting of the holomorphic sections of N 1,0Σ to smooth
sections of T 1,0M |Σ, as given by the local sections p introduced in (7.22). It is however important to note
that, thanks to the modified Bianchi identity dF = PΣ[H ], the operator δH(Σ,F), seen as a section of
Λ2T ⋆0,1Σ ⊗N
⋆1,0
Σ , is ∂¯-closed, and that the corresponding cohomology element ofH
0,2
∂¯
(N ⋆1,0Σ ) is ‘canonical’
in the sense that it does not depend on the choice of the 0-chain p.
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there is still a generically non-vanishing moduli-lifting effect even if T 1,0M holomorphically
splits into T 1,0Σ ⊕N
1,0
Σ . This effect is completely due to the non-vanishing H field, that
can give mass to all the otherwise massless geometrical modes. This fact was already
noticed for warped Calabi-Yau backgrounds in [42], and further clarified for more general
Ka¨hler SU(3) structure vacua in [14] using the D7-brane superpotential that still has the
form (7.35). Indeed, the superpotential (7.35) gives automatically the condition (7.52)
for the massless geometrical modes, also in the more general case that T 1,0M |Σ does not
holomorphically splits into T 1,0Σ ⊕N
1,0
Σ , since the corresponding holomorphic mass matrix
is given by
m
(hol)
ij = ∂i∂jW =
∫
Σ4
PΣ4 [ιXiΩ] ∧
(
PΣ[ιXjH ]− [(∂¯Xj) ◦ F ]
)
=
=
∫
Σ4
PΣ4 [ιXiΩ] ∧ [δ
H(Σ,F) ·Xj ] , (7.53)
where the [Xi] form a base of H
0
∂¯
(N 1,0Σ ).
7.5 D3-brane moduli lifting in a background with an ‘honest’
generalized complex structure.
In this section we would like to analyse a case in which the background has an ‘honest’
generalized complex structure, in the sense that it is neither complex nor symplectic.
For definiteness, we will focus on the six-dimensional case with a generalized complex
structure of odd type, associated to a dH-closed pure spinor of the general form
ψ = ψ(1) + ψ(3) + ψ(5) . (7.54)
If ψ(1) is nowhere zero, this situation would occur in a type IIB background with global
SU(2) structure. However, in this case we allow ψ(1) to become zero at certain points,
which we call supersymmetric points for reasons that will become clear in a moment.
We would like to apply our general results to identify the massless deformations of
a D3-brane located at a supersymmetric point y0 ∈ M . This kind of situation, even
if it involves the simplest D-brane one can consider, will nevertheless show interesting
features directly due to the ‘non-trivial’ underlying generalized complex structure. For
example, one key difference with respect to the cases discussed in the previous subsections
is that we are going to compute the first cohomology group of a Lie algebroid on a point.
Nevertheless, from the analysis of [14] one can immediately see that, differently from the
point-like B-branes on complex manifolds, the Lie algebroid differential must be non-
trivial, thus leading to a first cohomology group which differs from the tangent space
TM |y0 itself.
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It is convenient to address the problem by first looking at the D3-brane superpotential.
From the general formula (6.4), we find that the D3-brane superpotential WD3 is simply
related to the one-form ψ(1) appearing in (7.54) by the formula
ψ(1) = dWD3 . (7.55)
It is then clear that the D3-brane superpotential is non-trivial if and only if ψ(1) does
not identically vanish16. If it does vanish everywhere, ψ can be locally put in the form of
a B-transformed holomorphic (3, 0)-form, thus defining an ordinary complex structure.
On the other hand, from (7.55) one can also immediately see that a D3-brane can only
be supersymmetric at y0 ∈ M if ψ(1)|y0 = 0. This means that the D3-brane must be
located at a point where the type of the generalized complex structure jumps from one
to three17. As we will see, this interesting feature will characterize our calculation of the
Lie algebroid cohomology.
At y0, up to a B-transformation, the pure spinor ψ reduces to (3, 0)-form
ψ|y0 = Ω|y0 (7.56)
associated to a complex structure J|y0 on TM |y0. Since we are interested in small fluc-
tuations around y0, we can restrict to a small neighbourhood U of y0. If U is small
enough, we can extend J|y0 to an integrable complex structure J on U and Ω|y0 to the
corresponding holomorphic (3, 0)-form Ω, and consider ψ on U as some small deformation
of Ω.
The deformation theory of generalized complex structures has been studied in detail
in [7], and in particular an infinitesimal deformation of an ordinary complex structure
can be of three different kinds, corresponding respectively to an ordinary deformation of
the complex structure, a B-field transformation, and a β-deformation. While the first
two deformations do not change the type of the generalized complex structure, the third
does. So, up to a possible B-transformation, without loosing generality we can consider
the pure spinor ψ on U as given by a β-deformation of Ω, where β is a holomorphic
section of Λ2T 1,0U vanishing at y0 and defining a Poisson structure:
∂¯β = 0 , [β, β] = 0 . (7.57)
Now, at y0 the maximal isotropic subspace associated to ψ is simply given by
L|y0 = T
0,1
M |y0 ⊕ T
⋆1,0
M |y0 , (7.58)
16For explicit examples in the gauge/gravity correspondence context where this happens see [43] ,
which studies SU(2) structure backgrounds dual to deformations of N = 4 Super Yang-Mills theory.
17We recall that the type of a generalized complex structure is an upper semicontinuous function on
the manifold, meaning that each point has a neighbourhood where it does not decrease [7].
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while the generalized tangent bundle of the cycle {y0} is given by
T{y0} = T
⋆
M |y0 . (7.59)
Thus the Lie algebroid associated to the (generalized) zero-cycle {y0} is simply given by
L{y0} = T
⋆1,0
M |y0 . (7.60)
To describe the Lie brackets between vectors of this algebroid, we need to extend them
outside y0 to local sections of L. As we explained above, restricting to a small enough
neighbourhood U , L can be approximated, up to a possible B-transformation, by a β-
deformation of T 0,1U ⊕T
⋆1,0
U . In particular we can consistently extend elements η ∈ T
⋆1,0
M |y0
to η − ιβη on U , the B-transformation having no effect on them.
For a base of these extended elements of the Lie algebroid, given in terms of complex
coordinates on U as ei = dzi + βij∂j , the Courant brackets are given by
[ei, ej] = (∂lβ
ij)|y0e
l . (7.61)
The graded differential complex is given by
⊕
k Λ
kT 1,0M |y0, and the algebroid differential
dL{y0} : Λ
kT 1,0M |y0 → Λ
k+1T 1,0M |y0 (7.62)
acts on elements
α =
1
k!
αi1...ik∂i1 ∧ . . . ∂ik
∣∣
y0
∈ ΛkT 1,0M |y0 , (7.63)
as follows
dL{y0}α = −∂β ◦ α ≡ −
1
2(k − 1)!
∂lβ
i1i2αli3...ik+1∂i1 ∧ . . . ∧ ∂ik+1
∣∣
y0
. (7.64)
We can thus conclude that the cohomology group H1(L{y0}) giving the massless fluc-
tuations of the D3-brane is given by (1, 0) vectors X at y0, such that
∂β ◦X ≡
1
2
∂lβ
ijX l∂i ∧ ∂j
∣∣
y0
= 0 . (7.65)
Physically, the same answer for the D3-brane massless fluctuations can be directly
extracted from the superpotential (7.55). It is enough to observe that on U we can
approximate
ψ(1) = ιβΩ . (7.66)
Using the fact that β|y0 = 0, the holomorphic mass-matrix is given by
mij = (∂i∂jWD3)|y0 = ∂iψj =
1
2
[(∂iβ
kl)Ωklj]|y0 , (7.67)
which is symmetric since ∂(ιβΩ) = 0. We see that the zero-eigenvectors of this mass
matrix are given by the vectors X ∈ T 1,0M |y0 such that (7.65) is satisfied, thus reproducing
the result obtained from the Lie algebroid cohomology.
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8 Conclusions
We have shown that the deformations of supersymmetric D-branes that preserve super-
symmetry in a generalized complex vacuum are described by the first cohomology group
H1(L(Σ,F)), associated to the D-brane Lie algebroid L(Σ,F). This Lie algebroid has a
natural complex structure induced by the underlying generalized complex structure J .
Thus H1(L(Σ,F)) is also naturally a complex vector space. This makes sense as in the
four-dimensional low-energy description the massless fluctuations should organize into
the complex scalars of chiral multiplets.
We conclude with a few remarks and avenues for further research. First of all, we have
not addressed the issue of higher order obstructions. We know that our formalism includes
special Lagrangian and complex cycles as particular subcases in Calabi-Yau manifolds.
The former are known to be unobstructed, while for the latter the possible obstruction is
encoded in a non-trivial element of H1(N 1,0Σ ). Thus, generically we expect the massless
deformations associated to H1(L(Σ,F)) to be obstructed at higher order. It would be
very interesting to see if it is possible to associate possible higher order obstructions
to the existence of some non-trivial cohomology group connected to the D-brane, as it
happens for complex cycles. As discussed in section 6, the geometrical superpotential
(6.4) provides an alternative point of view on this problem. This superpotential is the
direct generalized complex analog of Witten’s holomorphic Chern-Simons action [36]
and can in principle generate the complete (classical) effective superpotential for the
four-dimensional massless fields associated to H1(L(Σ,F)). This effective superpotential
should contain all the information about higher order obstructions. However, as for
the holomorphic Chern-Simons action, a straightforward computation of the effective
superpotential from (6.4) is not easy, as it seems to involve the complete SU(3)×SU(3)
structure of the background. A more efficient and natural method should rely only on
the underlying generalized complex structure, like for example the method proposed
for B-branes in [44], which depends only on the algebraic geometry of the underlying
Calabi-Yau.
To understand some characteristic features of our generalized setting that are new
with respect to the Calabi-Yau subcase, we have explicitly considered a D3-brane in a
type-changing generalized complex structure. This example is interesting for two reasons.
First of all, it tests the limits of our formalism and shows that to properly define the
Lie brackets on L(Σ,F) we need to extend the sections of the Lie algebroid outside the
D3-brane. The result does not depend on the choice of extension, but it does depend
on the form of the generalized complex structure in a neighbourhood of the D3-brane.
Secondly, it considers a case in which some of the moduli are lifted and the D3-brane is
not free to move anywhere in the internal manifold. This kind of effect is induced by the
underlying ‘honest’ generalized complex structure (of odd type) and could potentially be
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interesting for phenomenological models as it provides a mechanism for “freezing” the
position of the D3-brane.18
Other peculiar effects due to the generalized nature of the underlying geometry should
arise also in more complicated setting, involving higher-dimensional D-branes. For ex-
ample, it would be interesting to make a systematic analysis of generalized calibrations
in the backgrounds of [10]. Furthermore other non-trivial examples would be D-branes
in group manifolds [45].
Another feature of our analysis is that it is completely symmetric under the simulta-
neous exchange of type IIA and IIB and of the even and odd pure spinors characterizing
the SU(3)×SU(3) structure. Our results should thus be helpful to gain a better under-
standing of the extension of mirror symmetry to generalized complex flux vacua, in the
spirit of [46].19 Also, there is a natural and interesting interplay with non-geometrical
backgrounds [49], which deserves further investigation. For this research a better under-
standing of the properties of D-branes on generalized complex manifolds can provide a
key tool, as they are the natural probe objects to investigate these issues (see for example
[50] for a discussion in this direction).
A very challenging problem is to try to extend the analysis to coinciding D-branes
for which the gauge bundle becomes non-abelian. It is known that, at least for a nine-
dimensional B-brane, the F-flatness condition stays the same while the D-brane action
and the D-flatness condition become horrendously complicated, see [51] for a review and
further references. Moreover, the coordinates describing the position of coinciding D-
branes become matrix-valued, and, as is well-known, complicate an intrinsic geometrical
formulation of problem [52–55]. Again, a possible simplification may arise by focusing
on the holomorphic sector of the theory, which should still depend only on the integrable
generalized complex structure of the underlying flux background.
Finally, in this paper we have considered D-branes on fixed flux backgrounds, whose
possible closed string moduli have been frozen. On the other hand, the effective descrip-
tion of the closed string sector in the same setting has been started in [9, 56]. The natural
subsequent step would be to glue together the two approaches, and obtain a description
of the complete bulk-plus-branes system.
18This effect is already evident from the D3-brane superpotential, which was first derived in [14], and
has for example been applied in [43] in the context of the gauge/gravity correspondence.
19See [47, 48] for related work on D-branes in generalized geometries.
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A D-flatness and gauge fixing
In [14] it was shown how the D-flatness condition (5.4) can be seen as the vanishing
of the moment map associated to the world-volume gauge transformations, and thus
provides a gauge fixing condition for the imaginary extension of the world-volume gauge
transformations. In this appendix we recall the definition of such a moment map and show
how it can be used to see that any infinitesimal deformation of a generalized calibrated
cycle can always be ‘corrected’ with an additional imaginary gauge transformation, so
that the D-flatness condition is still satisfied.
The symplectic structure Ξ necessary to obtain such a moment map characterization
of the D-flatness condition was introduced for an arbitrary generalized cycle by using
the background SU(3)× SU(3) structure to choose a particular representative for each
vector of N(Σ,F). However, if we restrict to a generalized calibrated cycle (Σ,F), it is
possible to write down the following canonical form
Ξ([X], [Y])|(Σ,F) =
∫
Σ
PΣ[e
2A−ΦX · Y · Im Ψˆ1] ∧ e
F , (A.1)
and one can check that the density
m(Σ,F) = PΣ[e
2A−ΦIm Ψˆ1] ∧ e
F |top , (A.2)
indeed provides the moment map associated to the world-volume gauge transformations,
i.e., for any λ ∈ Γ(Σ,R) and [Y] ∈ Γ(N(Σ,F)) we have:
ιYd(m(Σ,F)(λ)) = Ξ(Xλ,Y) . (A.3)
One can also introduce the following metric structure on N(Σ,F)
G([X], [Y]) ≡ Ξ(J [X], [Y]) . (A.4)
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If we impose the gauge-fixing that putsN(Σ,F) ≃ C+|Σ using the SU(3)×SU(3) structure,
where C+ ⊂ TM ⊕ T ⋆M is the sub-bundle of the generalized vectors of the form X
+ =
(X, g ·X) (see [7, 14] for more details), the above metric reduces to
G(X+,Y+)|(Σ,F) =
∫
Σ
PΣ[I(X
+,Y+)e2A−ΦRe Ψˆ1] ∧ e
F , (A.5)
which is the metric on N(Σ,F) in the ‘gauge fixed’ form written down in [14], from which
we explicitly see that it is positive definite since restricting to C+ makes I positive
definite and PΣ[e
−ΦRe Ψˆ1] ∧ e
F is the volume form on a generalized calibration. More
generally, we can still use the metric (A.4) which is non-degenerate and positive definite
for non-calibrated generalized cycles which are close enough to a calibrated one.
By standard arguments, one sees that the D-flatness condition provides a slice of the
imaginary gauge transformations. Indeed, an imaginary gauge transformation generated
by λ ∈ Γ(Σ,R) takes us away from the D-flatness condition m(Σ,F) = 0 since
ιJXλd(m(Σ,F)(f)) = Ξ(JXλ,Xf) = G(Xλ,Xf) (A.6)
cannot be zero for all f . It suffices to take f = λ to see this. This can also be shown
directly at the infinitesimal level starting from the condition (5.6), which implies that for
any f ∈ Γ(Σ,R) we should have
0 =
∫
fPΣ[dH(e
2A−ΦX · Im Ψˆ1)] ∧ e
F |top =
= −
∫
df ∧ PΣ[e
2A−Φ(X · Im Ψˆ1)] ∧ e
F |top = Ξ(X,Xf) . (A.7)
If we now take the imaginary gauge transformation [X] = J [Xλ] ≡ J [dλ] we arrive at
Ξ(JXλ,Xf) = G(Xλ,Xf) , (A.8)
which clearly does not vanish for all f . Again, it is non-zero at least for f = λ.
Furthermore this formalism allows us to see that it is always possible to find an
element in the imaginary gauge orbit of an [X] ∈ N(Σ,F) satisfying the condition (3.6)
which also satisfies the D-flatness condition. Indeed we can square m(Σ,F) using the
inverse of the metric defined on the dual space (see [14] for an explicit expression derived
from the Dirac-Born-Infeld action) and then m(Σ,F) = 0 if and only if ||m||
2
(Σ,F) = 0.
Now, we see that
L[X](−||m||
2)|(Σ,F) = −L[X](m(m
⋆))|(Σ,F) = −Ξ(Xm⋆ ,X)|(Σ,F) = G(X,JXm⋆)|(Σ,F) .
(A.9)
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This shows that the gradient flow of −||m||2 is along the imaginary gauge orbits and in
particular, for any [X] we can take a Y of the form
Y = −
G(X,JXm⋆)
G(JXm⋆ ,JXm⋆)
JXm⋆ , (A.10)
generating an imaginary gauge transformation, such that
L[X+Y](−||m||
2)|(Σ,F) = 0 . (A.11)
B The d†L(Σ,F) operator
In appendix A we introduced the metric (A.4) on the space of sections of N(Σ,F), and
thus of T ⋆(Σ,F). We can now extend this metric to the space of sections of Λ
kT ⋆(Σ,F) in the
following way. Use the identifications T ⋆(Σ,F) ≃ N(Σ,F) ≃ C+|Σ ≃ TM |Σ (for more details
about the second identification see [14]) to expand a generic section α of ΛkT ⋆(Σ,F) as
follows
α =
1
k!
αm1...mk∂m1 |Σ ∧ . . . ∧ ∂mk |Σ . (B.1)
Now we can define the inner product between two sections α, β of ΛkT ⋆(Σ,F) in the following
way
G(α, β) =
1
k!
∫
M
αm1...mkβm1...mk〈e
2kA−φRe Ψˆ1, j(Σ,F)〉 , (B.2)
where the indices of β are lowered using the metric gmn defined on M by the SU(3) ×
SU(3) structure. Note the dependence in (B.2) of the factor e2kA on the dimension k of
the forms, and the fact that it obviously reduces to (A.5) in the case of one-forms.
This metric can also be used as a positive-definite metric on sections of ΛkL⋆(Σ,F) by
simply adding a complex conjugation on the second form. Thus, we can define the Lie
algebroid codifferential
d†L(Σ,F) : Γ(Λ
kL⋆(Σ,F))→ Γ(Λ
k−1L⋆(Σ,F)) (B.3)
in the usual way:
G(d†L(Σ,F)α, β) = G(α, dL(Σ,F)β) for any β ∈ Γ(Λ
k−1L⋆(Σ,F)) . (B.4)
As an example, it is easy to see that the complexified D-flatness condition (5.10) can
be expressed in terms of the codifferential d†L(Σ,F) . Indeed, it follows from that condition
that we must have for any f ∈ Γ(Σ,C)
0 = −i
∫
M
〈f¯∂H(e
2A−ΦX0,1 · Im Ψˆ1), j(Σ,F)〉 = i
∫
M
〈e2A−Φ dL(Σ,F)f ·X
0,1 · Im Ψˆ1, j(Σ,F)〉
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= G([X0,1], dL(Σ,F)f) = G(d
†
L(Σ,F)
[X0,1], f¯) , (B.5)
and thus the condition (5.10) can be written in the form
d†L(Σ,F)[X
0,1] = 0 . (B.6)
We can also show that the dL(Σ,F)-complex is elliptic, so that its cohomology classes
on a compact cycle Σ are finite-dimensional. The anchor map π : L(Σ,F) → TΣ ⊗ C is
the obvious projection to TΣ ⊗ C and the principal symbol (see e.g. [57] for a review on
elliptic complexes) of dL(Σ,F),
s(dL(Σ,F)) : T
⋆
Σ ⊗ Λ
kL⋆(Σ,F) → Λ
k+1L⋆(Σ,F) , (B.7)
is given by
sξ(dL(Σ,F)) = π
⋆(ξ) ∧ ·, (B.8)
with ξ a one-form of T ⋆Σ. Since ξ is real, if ξ 6= 0 then one can easily see that π
⋆(ξ) ≡ X is
a non-zero element of L⋆(Σ,F) ≃ N
0,1
(Σ,F). It follows that sξ(dL(Σ,F)) clearly defines an exact
complex and thus the differential complex defined by dL(Σ,F) is elliptic. Equivalently,
since the symbol of the Laplacian (5.14), given by sξ(∆L(Σ,F)) = −|X|
2 (where one uses
the metric gmn after the identification N(Σ,F) ≃ C+|Σ ≃ TM |Σ), is invertible, the complex
is elliptic.
C Masses of the fluctuations
In this section we calculate the second variation of the D-brane potential around a cali-
brated/supersymmetric configuration. This will give us the classical masses of the fluctu-
ations. We find that, as expected, the massless deformations must satisfy the conditions
(5.12), i.e. they must keep the generalized cycle calibrated. For complex submanifolds
without fluxes the result is known as Simons’ formula [58]. It was generalized to ordi-
nary calibrations in [19] and we generalize it here to our generalized calibrations. We
perform the calculation for 6 dimensions as appropriate for string theory compactified to
4-dimensional Minkowski space, but the calculation can be extended to different dimen-
sions, at least in the case of zero RR-fluxes.
The four-dimensional potential for a D-brane wrapping an n-dimensional generalized
cycle (Σ,F) is given by
V(Σ,F) =
∫
Σ
dnσ e4A−Φ
√
det(PΣ[g] + F)−
∫
e4AC˜ ∧ eF . (C.1)
To consider its quadratic expansion around a supersymmetric configuration, it is useful to
use a notation analogous to the one used for standard N = 1 four-dimensional theories.
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So we redefine the moment map (A.2) as a D-term density
D(Σ,F) ≡ m(Σ,F) . (C.2)
D(Σ,F) can be seen as an element of the space dual to the space of functions on Σ, where
the pairing is given by the standard integration. In the same way, the one-form θ = dW
on the configuration space, introduced in section 6, can be seen as an element of the space
dual to the space of sections of the generalized normal bundle N(Σ,F). In particular, we
can square D and θ using the inverse of the metric (B.2) for functions on Σ and sections
of N(Σ,F).
Consider now a small expansion around a supersymmetric configuration (Σ0,F0). It
was shown in [14] that the potential (C.1) takes the following form:20
V(Σ,F) ≃ V(Σ0,F0) +
1
2
G−1(D,D) +
1
4
G−1(θ, θ) , (C.3)
where V(Σ0,F0) is a constant corresponding to the minimal energy. More precisely, we can
consider a small neighbourhood of (Σ0,F0) as parametrized by sections [X] of N(Σ0,F0).
Then we have
D(Σ,F) ≃ ∇[X]D|(Σ0,F0) , θ(Σ,F) ≃ ∇[X]θ|(Σ0,F0) , (C.4)
where the covariant derivatives do not actually depend on the choice of a connection since
D|(Σ0,F0) = 0 and θ|(Σ0,F0) = 0. The explicit expressions for ∇[X]D|(Σ0,F0) and ∇[X]θ|(Σ0,F0)
are given by their pairing with any function f on Σ0 and any section [Y] of N(Σ0,F0)
respectively. In particular, we obtain
∇[X]D|(Σ0,F0)(f) =
∫
Σ0
fPΣ0[2 Re {∂H(e
2A−ΦX0,1 · Im Ψˆ1)}] ∧ e
F0 =
= 2G(f,Re (d†L(Σ0,F0)
[X0,1])) , (C.5)
and
∇[X]θ|(Σ0,F0)([Y]) =
∫
Σ0
PΣ0[e
3A−ΦY0,1 · ∂¯H(X
0,1 · Ψˆ2)] ∧ e
F0 . (C.6)
Plugging in (C.4) and (C.5) into (C.3), we get
V(Σ,F) ≃ V(Σ0,F0) +
1
4
G−1(∇[X]θ,∇[X]θ)|(Σ0,F0)+
+2G(Re (d†L(Σ0,F0)
[X0,1]),Re (d†L(Σ0,F0)
[X0,1]))|(Σ0,F0) . (C.7)
20Here we are using the conventions of the present paper, which amounts to a factor of 1/2 in front
of the superpotential with respect to [14]. Also, the metric for the functions on Σ was denoted by k in
there instead.
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From (C.6) it is clear that ∇[X]θ|(Σ0,F0) vanishes as a one-form on the configuration
space if and only if dL(Σ0,F0)[X
0,1] = 0. Imposing our standard gauge-fixing of the real
gauge transformations of the form
Im (d†L(Σ0,F0)
[X0,1]) = 0 , (C.8)
we can see (C.7) as giving the mass of the gauge-inequivalent fluctuations. In particular,
(C.7) proves our claim, namely that [X] describes a massless fluctuation if and only if
dL(Σ0,F0)[X
0,1] = 0 , d†L(Σ0,F0)
[X0,1] = 0 . (C.9)
D Comments on the FI-term and stability
We relegate to this appendix a short comment on the problem of stability that we have
anticipated in section 6. In our framework we have single D-branes on an N = 1 back-
ground and we expect to have a purely N = 1 description. In particular, if we are in
the geometrical regime where we have no change in the spectrum due to stringy effects,
the massless four-dimensional U(1) gauge symmetry has no charged matter and then
a necessary condition for having a supersymmetric vacuum is that the Fayet-Iliopoulos
term ξ must vanish. An explicit expression for the Fayet-Iliopoulos term was given in
[14] and depends on the non-integrable pure spinor alone21:
ξ =
∫
Σ
PΣ[e
2A−Φ Im Ψˆ1] ∧ e
F . (D.1)
Note that ξ is constant under deformations of (Σ,F) within the same generalized homol-
ogy class and thus depends only on the closed string moduli (namely, those contained in
the non-integrable pure spinor), which we always consider frozen in this paper.
It would be interesting to understand whether or not or under what additional con-
ditions the necessary condition
ξ = 0 (D.2)
is also sufficient to ensure the existence of a solution to the D-flatness condition (5.4)
inside each orbit of generalized complex cycles generated by the action of GC. The
condition (D.2) is for example analogous to the necessary stability condition
∫
ω∧F = 0
for a U(1) holomorphic gauge connection that is in this case also sufficient to ensure
the existence of a solution to the Hermitian Yang-Mills (HYM) equation ω ∧ F = 0
(the D-flatness condition in our context) on a Ka¨hler four-manifold with Ka¨hler form
21Again, we neglect the correct dimensionful normalizations (see [14] for the precise expressions).
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ω (see for example [33]). In general, from the results obtained on the same problem in
the case of ordinary Calabi-Yau manifolds, we expect that some stability condition must
be added to the condition (D.2). The correct notion of stability for these generalized
complex cycles should result from an extension of the results and methods applied to
the analogous question for Lagrangian cycles (see for example [59–61]). For example, a
natural physical stability condition for a certain generalized complex cycle (Σ,F) with
vanishing Fayet-Iliopoulos term may be that it cannot split in two generalized complex
cycles with vanishing Fayet-Iliopoulos terms.
If we would know the correct definition of stability, we should only consider the sub-
sector Cstablehol,ξ=0 ⊂ Chol of stable generalized complex cycles with vanishing Fayet-Iliopoulos
terms, obtaining that the true moduli space of supersymmetric/calibrated generalized
cycles is given by
M = Cstablehol,ξ=0/G
C . (D.3)
We postpone these non-trivial issues to future investigations. It is however clear that
generalized complex geometry seems to be the correct language to unify and extend the
results already obtained for A- and B-branes on ordinary Calabi-Yaus (see for example
[62] for a recent review) to backgrounds with fluxes.
E Ka¨hler potentials
This paper is focused on the study of the flat directions of the moduli space of supersym-
metric/calibrated space-time filling D-branes. We have found that the massless spectrum
around supersymmetric configurations, and in general the full superpotential character-
izing the system, depends only on the generalized complex structure associated to the
dH-closed pure spinor Ψˆ2.
However, if one wants to give a complete N = 1 four-dimensional description of the
system, the superpotential provides only partial information, that must be completed by
the information encoded in the Ka¨hler potential. The latter depends instead on the non-
integrable generalized almost complex structure through the associated non-dH-closed
pure spinor Ψˆ1. We have not solved the problem of identifying the complete moduli
space of supersymmetric D-branes, and so we cannot hope to provide a Ka¨hler potential
describing the sigma model associated to it. We can however focus on a particular
supersymmetric configuration (Σ,F), and look for the N = 1 theory describing the
small fluctuations around it. The appropriate metric entering the kinetic term of general
fluctuations around any generalized cycle (Σ,F) was given in [14], and is recalled in
equation (A.4) of appendix A in the case that (Σ,F) is supersymmetric. Take now a
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base Xi of dL(Σ,F)-closed sections of N
0,1
(Σ,F) which furthermore satisfy the complexified D-
flatness condition (5.10) or, in other words, Xi are harmonic representatives (with respect
to the generalized Laplacian (5.14)) of a base for H1(L(Σ,F)). Using the metric (A.4) we
can write the following Ka¨hler potential for the massless four-dimensional chiral fields φi
associated to the base Xi:
22
K = Kik¯φ
iφ¯k¯ , (E.1)
where
Kik¯ = −i
∫
Σ
PΣ[e
2A−ΦXi · X¯k¯ · Im Ψˆ1] ∧ e
F , (E.2)
is the associated Ka¨hler metric. Let us stress that the Ka¨hler potential (E.1) depends on
the warp factor, which is in general non-trivial.
As an example, let us now see how the Ka¨hler metric looks like for a D6-brane
wrapping a special Lagrangian cycle in a IIA background. Differently from section 7,
we explicitly need here the non-integrable pure spinor Ψˆ1. We have Im Ψˆ1 = Im (e
iϕΩ),
where ϕ is a phase determined by the two internal six-dimensional spinors generating the
supersymmetry. The base of massless fluctuations Xi is given by elements of the form
(7.6) that must be closed with respect to dL(Σ,F=0) and d
†
L(Σ,F=0)
, i.e.
dPΣ[ιViω] = 0 , d ⋆3 PΣ[e
2A−ΦιViω] = 0 , (E.3)
where ⋆3 is the standard Hodge-star operator computed using the induced metric on the
three-cycle. The Ka¨hler metric (E.2) takes the form
Kik¯ = 2
∫
Σ
e2A−ΦPΣ[ιViω ∧ ιV¯k¯Im (e
iϕΩ)] = 2
∫
Σ
e2A−ΦPΣ[ιViω] ∧ ⋆3PΣ[ιV¯k¯ω] , (E.4)
providing the generalization of the usual metric for special Lagrangian branes to warped
flux backgrounds. For a case by case discussion of other D-branes see [14].
22Again, we are ignoring the proper dimensionful factors which can easily be introduced, see [14].
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